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Abstract 



For the last fifteen years quantum superalgebras have been used to model supersymmet- 
ric quantum systems. A class of quasi-triangular Hopf superalgebras, they each contain a 
universal i?-matrix, which automatically satisfies the Yang-Baxter equation. Applying the 
vector representation to the left-hand side of a universal i?-matrix gives a Lax operator. 
These are of significant interest in mathematical physics as they provide solutions to the 
Yang-Baxter equation in an arbitrary representation, which give rise to integrable models. 

In this thesis a Lax operator is constructed for the quantised orthosymplectic superalgebra 
U q [osp(m\n)] for all m > 2, n > 2 where n is even. This can then be used to find a solution to 
the Yang-Baxter equation in an arbitrary representation of U q [osp(m\n)}, with the example 
of the vector representation given in detail. 

In studying the integrable models arising from solutions to the Yang-Baxter equation, it is 
desirable to understand the representation theory of the superalgebra. Finding the Casimir 
invariants of the system and exploring their behaviour helps in this understanding. In 
this thesis the Lax operator is used to construct an infinite family of Casimir invariants of 
U q [osp(m\n)] and to calculate their eigenvalues in an arbitrary irreducible representation. 
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Chapter 1 
Introduction 



Generally speaking, mathematicians don't get arrested for espionage. But then, Norwegian 
Sophus Lie (1842-1899) was often unusual. A brilliant mathematician, he started a new field 
of study by introducing what were later named Lie algebras, of which the superalgebras 
used in this thesis are a generalisation. Unfortunately, his mathematical insight reportedly 
exceeded his communication skills. Perhaps this is why, leaving France during the Franco- 
Prussian war, he was arrested as a German spy, his mathematics notes believed to be top- 
secret coded documents! Fortunately a French mathematician vouched for the innocence of 
both Lie and his notes, and Lie was safely released from prison [39] . 

The study of Lie algebras has advanced much since then, in part because of their interest 
to physicists. Applications were known as early as the 1920s, with one of the earliest being 
the description of the electron configuration of atoms [46]. While very useful in modelling 
non-commutative systems, Lie algebras have some unfortunate limitations. In particular, 
during the drive for unified physical theories a model was sought for systems involving both 
bosons and fermions. Lie algebras are not a viable option as some of the operators in such 
systems obey anti-commutation relations. 



The answer to this problem was to use a Lie superalgebra, originally known as a Z 2 -graded 
Lie algebra. In this generalisation of a Lie algebra the operation is sometimes commutative 
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and sometimes anti-commutative, depending on the grading of the operators involved. The 
usual Serre relations for a Lie algebra [44] are also altered, with many superalgebras con- 
taining higher order relations known as the extra Serre relations [48]. Superalgebras were 
being examined as early as 1955 [13,37], and their involvement in the deformation of al- 
gebraic structures was investigated in the 1960s [16], but they didn't become a prominent 
area of research until the 1970s [7]. This was when their relevance to quantum physics in 
the context of supersymmetries was recognised, with their application being to systems con- 
taining both bosonic and fermionic particles. With a more complicated root system and 
representation theory than their non-graded counterparts, they presented quite a challenge 
to mathematicians and physicists. 

Nonetheless, with four groups on three different continents competing in the exploration 
of superalgebras, progress was bound to be swift. One of the important early problems 
was to classify all the finite-dimensional Lie superalgebras. Unsurprisingly the honours 
went to Victor Kac, who completed the classification in 1977 [27]. Four infinite families 
of non-exceptional superalgebras were found, known as the A, B, C and D series (or type) 
superalgebras. This thesis concentrates on solving problems for the B and D series, some of 
which have already been answered for the A and C series. 

The 1970s also saw the investigation of the enveloping algebras of Lie algebras [10]. Inter- 
esting in themselves, these polynomial algebras can also be "g-deformed" to produce more 
generalised algebras dependent on a complex parameter q [11,25]. Several groups then ex- 
tended the concept to superalgebras [5,6,8,9,29], with the results being referred to as either 
quantum supergroups or, more correctly, quantum superalgebras. These form a class of 
quasi-triangular Hopf superalgebras, which implies they each admit a universal i?-matrix, 
making them systems of significant interest. 

The Yang-Baxter equation originally arose in McGuire's and Yang's studies of the many- 
body problem in one-dimension with repulsive delta-function interactions [35, 49] and Bax- 
ter's solution of the eight- vertex model from statistical mechanics [2]. It has since appeared 
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in the study of other exactly solvable lattice models [3], knot theory [45,47] and the quantum 
inverse scattering method [30], with a mathematical examination given in [26]. By finding 
solutions to the Yang-Baxter equation in the affine extensions of quantum superalgebras and 
studying the representation theory we can construct new supersymmetric integrable models, 
which have a variety of physical applications. 

One such application is in knot theory, where each representation gives rise to a link invariant 
[32,52]. Constructing solutions to the Yang-Baxter equation is an essential step towards 
evaluating the invariants. Another application is in strongly correlated electron systems. As 
electrons are fermions, such systems are often supersymmetric. Thus it is unsurprising that 
quantum superalgebras provide a suitable framework in which to work [1, 15, 18,20,34]. One 
of the simplest examples is the g-deformed t — J model [12, 17], which describes a doped 
antiferro magnet, in which at each site of a one-dimensional lattice the occupancy of two 
electrons in different spin states is forbidden as a result of the on site Coulomb interaction. 
For a certain choice of couplings this model is invariant with respect to the superalgebra 
U q [gl(2\l)}, and the Hamiltonian can be derived through the quantum inverse scattering 
method. Having more information about the higher order quantum superalgebras will assist 
in the study of more complex models. 

Many of the applications of the Yang-Baxter equation arise in the spectral parameter de- 
pendent case. Such solutions are associated with representations of affine quantum superal- 
gebras; the representations of the /^-matrices in these cases automatically satisfy the Yang- 
Baxter equation. However even in the non-affine case the theory of quantum superalgebras 
is largely undeveloped. In this thesis the Lax operator, which is the universal i?-matrix with 
the vector representation acting on the first component, is constructed for the B and D 
type quantum superalgebras. Previously the i?-matrix with the vector representation acting 
on both components has been constructed [14,36], but not the Lax operator. In principle 
this could be calculated from the results of Khoroshkin and Tolstoy [28] , but that would be 
difficult technically. 
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When studying the representation theory of classical Lie algebras, understanding the central 
elements known as Casimir invariants proved very useful [38,40,41]. Similarly, knowledge 
about the Casimir invariants of the quantum superalgebras will assist in the study of the 
integrable models. Thus we wish to find the Casimir invariants of the superalgebra, and 
also to calculate their eigenvalues in an arbitrary representation. This has been done for the 
non-exceptional classical superalgebras [4,21,24,43], but only for the A and C series quantum 
superalgebras [19,33]. In this thesis these results are extended to cover the quantised B and 
D type superalgebras. 

Chapter 2 provides an introduction to the mathematics used in the thesis. It begins by 
setting up the classical orthosymplectic superalgebra, including the root system chosen, the 
generating elements, and their defining relations. A g-deformation is then performed on the 
enveloping algebra to produce the quantised orthosymplectic superalgebra, which includes 
both the B and D series quantum superalgebras. A brief introduction to the Yang-Baxter 
equation and universal i?-matrices concludes this chapter. 

In the following chapter one of the properties of universal i?-matrices is examined in the 
context of an arbitrary representation, leading to a set of simple generators and defining 
relations which uniquely determine a solution. In Chapter 4 the other relevant i?-matrix 
properties are checked, confirming that the solution is indeed a Lax operator. This is in 
turn used to construct another, related Lax operator known as its opposite. The defining 
relations are also examined more closely to confirm they incorporate not only the standard, 
but also the higher order, g-Serre relations. 

An example of how to use the Lax operator to construct a solution to the Yang-Baxter 
equation in a particular representation is included as Chapter 5. Although this is done 
only for the vector representation, exactly the same method can be used for any other 
representation. The result agrees with a previously constructed i?-matrix for the vector 
representation [36]. 
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Finally, the Lax operator is used to construct Casimir invariants for the quantised orthosym- 
plectic superalgebra. This follows the method used in [4] and [43] for various classical su- 
peralgebras, which was adapted in [33] to cover the quantum superalgebra U q [gl{m\n)]. The 
calculations are more complex than in those cases, however, both because they include q- 
factors and because orthosymplectic superalgebras possess a more complicated root system 
than general linear superalgebras. 
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Chapter 2 

The Construction of U q [osp(m\n) 



To construct the quantised orthosymplectic superalgebra U q [osp{m\n)] we closely follow the 
method used in [22] and [23]. We begin by developing osp(m\n) as a graded subalgebra of 
gl{m\n). The enveloping algebra of osp{m\n) is then deformed to yield U q [osp(m\n)], which 
reduces to the original enveloping superalgebra as q — > 1. 

2.1 The Construction of osp{m\n) 

We start with the standard generators e£ of gl(m\n), the (m + n) x (m + n) -dimensional 
general linear superalgebra, whose even part is given by gl(m) @gl{n). Now the commutator 
for a Z 2 -graded algebra satisfies the relation 

[A,B] = -(-l)^[B,A], 

where A, B are homogeneous operators and [A] G Z 2 is the grading of A. In particular, the 
generators of gl{m\n) satisfy the graded commutation relations 

K,ea = ^-(-l)(H+W)(M+M) ( 5X 

where 
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[a] 



0, a — i, 1 < % < m, 

1, a = 1 < pL < n. 

Throughout the thesis we use Greek indices /x, v etc.to denote odd objects and Latin letters 
i,j etc. for even indices. If the grading is unknown, the usual a,b,c etc. are used. Which 
convention applies will be clear from the context. We will only ever consider the homogeneous 
elements, but all results can be extended to the inhomogeneous elements by linearity. 

The orthosymplectic superalgebra osp{m\n) is a subsuperalgebra of gl{m\n) with even part 
equal to o{m) © spin), where o{m) is the orthogonal Lie algebra of rank m — 2 and spin) is 
the symplectic Lie algebra of rank n — 1. The latter only exists if n is even, so we set n = 2k. 
We also set / = [ttJ , so m — 21 or m — 21 + 1. 

To construct osp{m\n) we require an even non-degenerate supersymmetric metric g a b- Any 
can be used, but for simplicity's sake we choose g a b = £a5|, with inverse metric g ba = 
Here 



m+ 1 - a, [a] = 0, 1, [a] = 0, 

a = { and £ a = <j 

n + l-a, [a] = 1, (-l) a , N = 1. 



Then the operators 

° ab = g ac e c b - (-1) H[6 W: = -{-l) [am a ba 

generate the orthosymplectic superalgebra osp{m\n). These satisfy the commutation rela- 
tions 



[a ab ,a cd ] = g cb a ad - (-l) i[a]+m[c]+W) g a ^ cb 
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This Z 2 -graded subalgebra actually arises naturally from considering the automorphism uo 
of gl{m\n = 2k) given by: 

This is clearly of degree 2, with eigenvalues ±1, so it gives a decomposition of gl(m\n): 
gl(m\n) = S®T, with [S, S] C S, [T, T] C S and [S, T] C T, 

where 



u;(x) = x Vi G 5, 
u(x) = —x \/x G T. 

Here T is generated by operators 

T ab = g ac et + (-l)^g bc e c a = (-l) [a][b] T ba , 
while the fixed-point Z 2 -graded subalgebra S is generated by 



a ab = g^et - (-l) [a][ V< = -(-l)^% ba , 

so is simply the orthosymplectic superalgebra osp(m\n). As a more convenient basis for 
osp(m\n) we choose the set of Cartan-Weyl generators, given by: 



&b = 9 &cb 



= et-(-l) [am+[b]) U b el. (2.1) 
Then the Cartan subalgebra H is generated by the diagonal operators 



a a _ a 

u a c a ^ai 



which satisfy 

K,a b b ]=0, Va,6. 
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As a weight system, we take the set {£j, 1 < i < m} U {5^, 1 < /i < n}, where ej = —Si, 
5-p = —5^. Conveniently, when m = 21 + 1 this implies ei+i = —ei + \ = 0. Acting on these 
weights, we have the invariant bilinear form defined by: 



(e i ,e j ) = ^, (5^,5 U ) = -5Z, (e i ,6 li ) = 0, l<i,]<l, 1 < n, v < k. 

When describing an object with unknown grading indexed by a the weight will be described 
generically as e a . This should not be assumed to be an even weight. 

The even positive roots of osp(m\n) are composed entirely of the usual positive roots of o(m) 
together with those of spin), namely: 



£j ± Ej, 1 < i < j < I, 

Ei, 1 < i < I when m — 21 + 1, 

5f, + 5 V , 1 < /jl, v < k, 

— $v, \ < ji < u < k. 

The root system also contains a set of odd positive roots, which are: 

5^ + Ei, 1 < fi < k, 1 < i < m. 
Throughout this thesis we choose to use the following set of simple roots: 




1 < i < I, 

m = 21, 
m = 21 + 1, 
1 < pi < k, 
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Note this choice is only valid for m > 2. 



Corresponding to these simple roots we have raising generators e a , lowering generators f a 
and Cartan elements h a given by: 



^ = 




fi = 




hi = 




1 < i < Z, 


ei = 


J- 1 
°i > 


fi = 


j 


hi = 




m = 2/, 


ei = 




fi = 


a l+1 
°i i 


h t = 




m = 2/ + 1, 


e M = 


M 


//* = 




hfi = 




1 < /i < k, 


e s = 


u=k 

K=i , 


/.= 


_i=l 


h s = 


u=k _i=l 





These automatically satisfy the defining relations of a Lie superalgebra, which are: 



[K, e b ] = (a a , a b )e b , 
[h a ,fb] = -(a a ,a b )f b , 
[h a , h] = 0, 
[e a , h] = $ b h a , 

[e a , e a \ = [f a , f a ] = for (a a , a a ) = 0, 

(ad e b of- ab -e c = for b ^ c, (2.2) 
(adf b oy-^f c = for6^c, (2.3) 



where the a bc are the entries of the corresponding Cartan matrix, 



O-bc 



(a b ,a c ), (a b ,a b ) = 0, 



and ad represents the adjoint action 

adx o y = [x,y]. 
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The relations (|2.2j) and (J2.3|) are known as the Serre relations [44]. Superalgebras also 
have higher order defining relations, not included here, which are known as the extra Serre 
relations. They are dependent on the structure of the root system [48]. 



2.2 The ^-Deformation: U q [osp(m\n)} 

A quantum superalgebra is a more generalised version of a classical superalgebra involving 
a complex parameter q, which reduces to the classical case as q — > 1. In particular, we 
construct U q [osp(m\n)] by q-deforming the original enveloping algebra of osp(m\n) so that 
the generators remain unchanged, but are now related by a quantised version of the defining 
relations. 

First note that in the enveloping algebra of osp(m\n) the commutator is given by 

[A,B] = AB- (-l)^BA. 
With this operation, the defining relations for U q [osp(m\n)} are: 



[h a , e b ) = (a a ,a b )e b , 

[ha, fb] = -(0i a , Oibjfb, 

[h a , h b ] = 0, 
[e a , hi = °b 



(q-q- 1 ) 

[e a , e a ] = [f a , fa] = for (a a , a a ) = 0, 

(ad e b o) l ~ a ^e c = for b ^ c, (2.4) 

(arf/ b o) 1 -^/ c = forfo^c. (2.5) 

The relations ()2.4j) and (|2.5|) are called the q-Serre relations. Again, there are also extra 
g-Serre relations which are not included here. A complete list of them, including those for 
afline superalgebras, can be found in [48]. Both the standard and extra g-Serre relations 
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depend on the adjoint action, which is no longer simply the commutator. To define the 
adjoint action for a quantum superalgebra, we first need some new operations. 

The coproduct, A : U q [osp{m\nyf' 2 — > U q [osp{m\nyf' 2 , is the superalgebra homomorphism 
given by: 



A(e tt ) =q^ ha ®e a + e a ®q ^ ha , 

&(fa)=q 1 * ha ®fa + fa®q- 1 * ka , 

A(q ± ^ ha ) = q ± ^ ha ®q ± ^ ha ) 

A(ab) = A(a)A(6). (2.6) 

Note that in a Z 2 -graded algebra, multiplying tensor products induces a grading term, ac- 
cording to 

(a®6)(c®rf) = {-l) [b][c] {ac®bd). 

We also require the antipode, S : U q [osp(m\n)] — > f/ g [osp(m|n)], a superalgebra anti-homomorphism 
defined by: 



5(e a ) = -g-3(«-.«-) eo , 

5(/ a ) = -q^ aa) fa, 
S(q ±h «) = q^ h % 

S(ab) = (-l) [a][b] S(b)S(a). 

It can be shown that both the coproduct and antipode are consistent with the defining 
relations of the superalgebra. These mappings are necessary to define the adjoint action for 
a quantum superalgebra, as it can no longer be written simply in terms of the commutator. 
If we adopt Sweedler's notation for the coproduct, 



(a) 
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the adjoint action of a on b is defined to be 



adaob = J2(-^ b]la(2)] ^ ) bS(a^). 



(a) 



The added g-factors in the defining relations ensure that working with quantum superalgebras 
is significantly more difficult than with their classical counterparts, even though in this case 
the generators and root system remain the same. Throughout the thesis q is assumed not 
to be a root of unity. 

One quantity that repeatedly arises in calculations for both classical and quantum Lie su- 
peralgebras is p, the graded half-sum of positive roots. In the case of U q [osp(m\ri)] it is given 



As mentioned earlier, this root system and set of generators is only valid for m > 2. When 
m — 0, U q [osp{m\n)] is isomorphic to U q [sp{n)}. Similarly, in [50] it was shown that every 
finite dimensional representation of C/ ? [osp(l|n)] is isomorphic to a finite dimensional repre- 
sentation of U- q [so{n + 1)]. As we are only interested in finite dimensional representations, 
and the representation theory of these non-super quantum groups is well-understood, we 
need not consider the cases with m < 2. Thus although our root system is only valid for 
m > 2, finding the Lax operator for this root system will actually complete the work for all 
B and D type quantum superalgebras. This has, of course, already been done for the more 
straightforward A type quantum supergroups, U q [gl{m\n)} [51]. The Lax operator has yet to 
be constructed for the C type quantum supergroups (U q [osp(m\n)] where m = 2), although 
an i?-matrix for the vector representation is known [42]. 



by: 




This satisfies the property (p, a) 



\{ol, a) for all simple roots a. 
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2.3 U q [osp(m\n)] as a Quasi- Triangular Hopf 
Superalgebra 

A quantum superalgebra is actually a specific type of quasi-triangular Hopf superalgebra. 
This guarantees the existence of a universal .R-matrix, which provides a solution to the 
quantum Yang-Baxter equation. Before elaborating, we need to introduce the graded twist 
map. 

The graded twist map T : U q [osp(m\n)]® 2 — > U q [osp(m\n)]® 2 is given by 

T{a®b) = (-l) [a][b] (b®a). 
For convenience TA, the twist map applied to the coproduct, is denoted A T . 

Then a universal R-matrix, TZ, is an even, non-singular element of U q [osp(m\n)]® 2 satisfying 
the following properties: 

KA{a) = A T (a)TZ, Va £ U q [osp(m\n)], 
(id ® A)TZ = TZisTZu, 

(A®id)n = n 13 n 23 . (2.7) 

Here lZ a b represents a copy of 1Z acting on the a and b components respectively of Ui®U2®U 3l 
where each U is a copy of the quantum superalgebra U q [osp(m\n)]. When a > b the usual 
grading term from the twist map is included, so for example 1Z 2 i = [^ T ]i2, where 1Z T = T1Z 
is the opposite universal R-matrix. 

One of the reasons /^-matrices are so significant is that as a consequence of (J2.7|) they 
satisfy the quantum Yang-Baxter Equation, which is prominent in the study of integrable 
systems [3]: 

^•12^13^23 — 7^23^137^12 
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A superalgebra may contain many different universal /^-matrices, but there is always a unique 
one belonging to U q [osp(m\n)]~®U q [osp(m\n)} + , and its opposite i?-matrix in U q [osp(m\n)] + <S> 
U q [osp{m\n)]~ . Here U q [osp(m\n)}~ is the Hopf subsuperalgebra generated by the lowering 
generators and Cartan elements, while U q [osp{m\n)} + is generated by the raising generators 
and Cartan elements. These particular i?-matrices arise out of Drinfeld's double construc- 
tion [11]. In this thesis we consider the universal i?-matrix belonging to U q [osp(m\n)}~~ <S> 
U q [osp{m\n)} + . 
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Chapter 3 

Construction of the Lax operator for 



In this chapter we construct a Lax operator for U q [osp(m\n)]. Previously this had been done 
only for U q [gl(m\n)] [51]. Before defining a Lax operator, however, we need to introduce the 
vector representation. 

Let End V be the set of endomorphisms of V, an (m + n)-dimensional vector space. Then 
the irreducible vector representation tt : U q [osp(m\n)} — > End V is left undeformed from the 
classical vector representation of osp(m\n), which acts on the Cartan-Weyl generators given 
in equation ()2.1j) according to: 



where E£ is the (m + n) x (m + n)-dimensional elementary matrix with (a, b) entry 1 and 
zeroes elsewhere. 

Now let TZ be a universal R- matrix of U q [osp(m\n)] and 7r the vector representation. The 
Lax operator associated with TZ is given by 




vrK) = E\ 



R= (tt ® id)Tl e (End V) ® U q [osp(m\n)}. 
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Previously only an i?-matrix in the vector representation, (tt <8> 7r)72., has been found, with 
it having been calculated for both U q [osp(m\n)] and its affine extension [14,36]. The Lax 
operator is significant because we can use it to calculate solutions to the quantum Yang- 
Baxter equation for an arbitrary finite-dimensional representation. 

In this chapter we also sometimes make use of the bra and ket notation. The set {\a)} is a 
basis for V satisfying the property 

E a h \c) = 5 c b \a). 
The set {{a\} is the dual basis such that 

(c\EZ = 5 a c (b\ and (a\ \b) = (a\b) = 8 a b . 

3.1 Developing the Governing Relations 

As we wish to find the Lax operator belonging to ir (U q [osp(m\n)]) (g> U q [osp(m\n)] + , we 
adopt the following ansatz for R: 



R = q a 



I®I + (q-q- 1 ) Y(-l)WE2®a ba 



Here {h a } is a basis for the Cartan subalgebra such that h a = h Ea , and {h a } the dual basis, 
so h a = (— l)^h £a . The &b a are the unknown operators for which we are trying to solve. 
Throughout this chapter when working in the vector representation we simply use h a rather 
than n(h a ), and e a rather than 7r(e ). 

Now R must satisfy the defining relations for an i?-matrix, which were given as equation (|2.7j) 
in the previous chapter. In particular, we begin by considering the intertwining property for 
the raising generators, 

RA(e r ) = A T (e r )R. 
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To apply this, recall that 

A(e c ) = q^ hc ®e c + e c ® q'^ 



But 

[hat ^c] (^c? ^a)Cc 

<^> e c h a = [h a - (a c ,e a )]e c 
<^> e c q ha = q^ ha ~^ ac ' Sa ^e c . 

Hence 



A J (e c )g ■ 



(e c <g) g2 ftc + g 2 ftc e c )g1r 
g a e c ® g2" c + g a 

g a |_g a (e c ®g 2 c ) + ? « (g 2 



E^ 



= qa 



+ q 



e c ). 



Using this, we see 



A T (e c ) J R = A T (e c )q^ ha ® ha [i ® J + (g - g" 1 ) ^ ® a fea 



E^a 



= qa 



2 nc _|_ g 2 n<; 



e c ) 



X 



/®/+(g-g- 1 ) ^(-l)^ ®^ 



£a<£i, 



E^«*° 

g a 



e c ® g 2 rac + g" 



+ (_ 1 )(M+M)[c] 5 -§(a c ^a)£;a ^ 



£a<£b 



Also, 
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RA(e c ) = q 



q 2 '" c ® e c + e c (g) q 2 

+ (_ 1 )(M+[6])[c] jE ;a ec(g) ^ og -^c 



£a<£{, 



(3.2) 



Hence to apply the intertwining property we simply equate (j3.1|) and ()3.2|) . First note that 
R is weightless, so <jfc a has weight e b — s a , and thus 



'I ^ c a ba = q 2 K ' Efc £a) cr ba q 5 



Then, equating those terms with zero weight in the first element of the tensor product, we 
obtain 



(g2 hc - q * hc ) (g) e c 

= (q-q- 1 ) (-l) [6 H^ |(a °' ac)e cK-(-l) [c] ^ c )®a 6a g-^. (3.3) 

Comparing the remaining terms, we also find 



(-!) [61 (g^ K ' £b ~ £a) e c £ b a - (-l)(W+[ fc ])([ c ])E fe a e c ) (8) <7 6a g^ fec 

£a<£fj 
E b -E a ^a c 

= J2 ® [q^ £b) h a e c - (-l)([°] + M)[ c ] g -i^'^e c ^ ). (3.4) 

£a<£() 

From the first of these equations we can deduce certain fundamental values of aba', from the 
second, relations involving all the a ba . Before doing so, however, it is convenient to define a 
new set, $ . 

Definition 3.1.1 The extended system of positive roots, $ + , is defined by 

$ + = {e b - e a \e b > e a } = $+ U {2^1 < i < 1} 
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where $ + is the usual system of positive roots. 



Now consider equation (|3.4)l . In the case when e b — £ a + a c ^ $ , by collecting the terms of 
weight e b — e a + a c in the second half of the tensor product we find: 

q U a ^)a ba e c - (-l)^ + ^q-^ a ^e c a ba = 0. (3.5) 
Similarly, when e b > e a and e b — e a + a c = By — e a > G $ + we find: 



(-l) [h '\q-^ n ' ] e c E a y - {-lf a 'W™E$e c ) ® a w q^ 



2 hc 



£ a>< £ b> 

e b —e a +a c =e b / —e a i 



However e c Ey and are linearly independent unless b = b', as are E$e c and Eg for a 7^ a', 
and thus this equation reduces to 



{-l) [h] q^ {ac ' £b ~ £a ' ) e c E'^®a bal q- 1 2 hc 

£ a'< e b 

e a i=e a -a c 

_ (-l) [6 ' 1+([al+[6 ' 1)[c] ^e c ®^ a g-^ c 

ey>e a 
ey=e b +a c 

= (-l)®EZ®{q>^a ba e c - (-l)(H+W)W g -K^) ec a 6a ). 

This can also be written as 



+ 6 c 



<g> (g5K^)^ a6c _ (_ 1 )([a]+[6])[c] g -§(a e ,e.), 



e b ,=e b +c 

e b > e a . 



This equation then implies 
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q -^t>-z*+<xc)(a\e c \a')a M q-^ h ° - {-lf [a]+mc \b'\e c \b)a b ' a q^ hc 

= q^ ac ' £b) cT ba e c - (-l)M+mc] q -l(*o,e a ) ec&baj £b > £q . 

A more useful form of these relations is: 

q-^ a " a °- £a \a\e c \a')a ba , - (-l) {[a]+mc] q^ £b) (b'\e c \b)a b , a 

= q {ac ' £b) o ba e c q^ hc - (-l)([ a ] + W)[ c ]g-f( a - £ «)+l( a - £ f)e c o- 6a g^ c 

= q {ac ' £b) a ba e c q^ - 'e c g^<T ba (3.6) 

for £5 > e a . All the necessary information is contained within these relations and equation 
()3.3|) . To construct the Lax operator R = (it <g> 1)7?. first we use equation ()3.3|) to find the 
solutions for a ba associated with the simple roots a c . Then we apply the recursion relations 
arising from (J3.6|) to find the remaining values of a ba . 

3.2 Fundamental Values 

In this section we solve equation ()3.3|) . rewritten below, to find the fundamental values of 
cr ba , namely those for which Eh E a IS db simple root. 

= (q-q~ 1 ) (-i) [61 (^ |K ' ac)e ^ a -(-i) [cl Ke c ) ®a ba q-^. (Q 

To solve this we must consider the various simple roots individually. 
Solution for = £j+i, 1 <i < I 

In the vector representation a = Ej +1 - E^ 1 and hi = E\ - ££g + fig - M 
Hence the left-hand side of (13. 3j) becomes: 
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LHS = (g^ 1 - q- 



e, 



(g - g- 1 )!?^^ + 22±f) - + 4)} ® e*, 



whereas the right-hand side is: 



RHS = {q-q- 1 ) {q'^iEZ-Efc)®^-^ 



Sf > —e a =oii 



(q-q-^iiq-'Ei-Et+D^a^q 



-it* 



^E^-Ei)®a-^q-^}. 



Equating these gives 



o-ii+i = -Vi+ii = q 2 m 2 



hi 



Ki <l. 



Solution for on = + m = 2Z 



Here e t = Ej 1 - and hi = E\ — Ej + E\_[ - E^. Substituting these into equati 
(|3.3|) gives: 



i-i 



ion 



LHS = {{q$- q-?){E\ + E\z\) + - q^){E\ + E±±)} ® e, 
= (q - q- x ){q-*(E\ + E\z\) - q^(Ej + E^)} ® e ; 



and 



= (g - g- 1 ){(g- 1 4l 1 1 - E\) ® <ViI<T^ - (q^Ej - E±±) ® fr,^"**}. 



Thus 



(7 



2-1/ 



-°i— = ( P-m' lh \ m = 2l. 



Solution for oti = ej, m = 2/ + 1 
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In this case e/ = E\ +l — Ej +1 whereas hi = E\ — EL so we obtain: 



LHS = {(g* - q-*)E\ + (g-3 - g§)4} ® Q 

= (g-g -1 )(?~^-g'4)®ei, 



= (g - q- l ){{q-^E\ - E l +{) ® <7 n+1 g-^ - ((T^S " 4) ® <W~^}- 



Together these imply 



vu+i = ~Q 2 <r l+ ij = e t q* hl , m = 21 + 1 



Solution for = 5^ — 5^ + i, 1 < \i < k 

Here e, = E» +1 + and h, = Eft* +E%-E£- fg, giving: 



LtfS = {(gl - g-|)(^ 1 1 + ££) + (g-3 - g§)(^ + ® e A 

= (9 - gifg-iWl + El) - g*(JE£ + ® e„ 



jtffS = _( g _ g- 1 ){(g^ - i?^ 1 ) ® <WT^ + - ^) ® <WrH 



and hence 



v-MAjc = Q 5 e M g5^, I < fi < k. 



Solution for a s = 5k — gi 

In this case e s = + (-l) fc £^ and /i fl 

these into equation produces: 
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LHS = {(g* - + *0 + (<T* - + ^)} ® e s 

= (g - rtfr-*^ + - g^zi ® e., 

= (g - g- 1 )!-^ + ^z!) ® ^=«=ig-^ s 

+ (-i) fe (£rf + #S ® ^=T^g-^ s }, 

and thus 



These values for aba form the basis for finding R, as from these all the others can be explicitly 
determined in any given representation. 



3.3 Constructing the Non-Simple Values 

Now we develop the recurrence relations required to calculate the remaining values of aba- 
Recall that for Eb > e a , 

q-^ a °- £ «\a\e c \a!)a ba , - {-l) (la]+mc] q^' £b \b'\e c \b)a b > a 

= q {ac ' £b) Vbae c q^ hc - {-l) {[a]+mc] q- {a ^ £a) e c q^a ba - (3.7) 

To extract the recurrence relations to be applied to the fundamental values of ab a , we must 
again consider the simple roots individually. We begin with the case oti = Si — £i+i, so 
e t = a\ +l = Et +1 - Ef 1 . Now 



(a\ei = 5 ai (i + 1| - S aITI (i\, e^b) = 6 bi+1 \i) - 6$\i + 1). 
We then apply that to equation (jH.7j) to obtain: 
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q-h(<*i^){5 ai q^ a ^cr bi+1 - S aWI q-^ £ ^a bl } 



--q {ai ' £h) a ba eiq2 hi - q {ai ' £a) a ba , e b > e a . 



This simplifies to 



q (ai ' £b] ] o ba eiq* hi - q {a ^ £a) e t q^ b bai e b > e a , 



which, recalling that a ii+ i = — = q^eiq^ hi , 1 < i < I, reduces to 



Sai^bi+l - ^aT+l^bi - $bi+lVia + ^bi^T+la = Q &ba&ii+l ~ q ^'^^i i+l<J ba 

~~ y °i+li°ba q °baO i+ ii- 



From this we can deduce the following relations for 1 < i < I: 



Vbi+l — bbi&ii+l — q 1 0'ii+lO'bi, Eb > Ei, 

°bj = <l {ai ' £b) °bi+T a i+li ~ 1~ la i+Ti a bi+l' £ b > b^i+i, 

Oia = q~ {at ' £a) aii +1 a i+la - g _1 0- i+la <7 ii+ i, e a < e i+1 , + 

+ = q~ x [vu+i, > ( 3 - 8 ) 

q {a " £b) a ba a ii+1 - q'^'^ a ii+1 a ba = 0, e b > e a , a ^ + l and b^i + 1,1. 

We then follow the same procedure to find the relations associated with the other simple 
roots. A detailed derivation of these relations is included in Appendix A, with a complete 
list of the relations derived in this manner given in Tables IA.1[ IA.2I and I A. 31 on pages 11181 

and una 
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Although the list of relations is very long, they can be summarised in a compact form. 
There are two different types of relations; recursive and g-commutative. The latter can be 
condensed into: 



q (ac ' £b) a ba e c q^ 



(_l)([«]+M)Wg-(««.e«) ec g5^^ ta = Q, 



(3.9) 



where neither e a — a c nor e b + a c equals any e x . Note this is almost the same as equation 
(J3.5)) . with slightly softer restrictions on a and b the only difference. 



The recursion relations can, in the case m = 21 + 1, be summarised as: 



a ba = q-^ £a) a bc a ca - ^ + ^+^& ca & bc , e b > e c > e a 



(3.10) 



where c ^ b or a. 



In the case m = 21, these include all the information except that contained in equation (|3.8J) 
for the case i = I — 1. Hence when m = 21 one extra relation is required, namely: 



(3.11) 



It is not difficult to see that all these recursion relations can be obtained from those listed on 
pages 11181 and 11191 To show the reverse is tedious, but straightforward. The only relations 
on pages 11181 and 11191 which are not clearly of this form are those involving commutators. 
As an example of how these can be obtained from equation ()3.10|) . consider equation ()3.8|) . 
which arose from considering 014 = — £i+i: 

(Tji+T + cr i+1 i = q 1 o"i+ii+r] • 

Using equation (j3.1()j) . we can say that: 
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a iT+l = 


&iT+2&i+2i+l ~ Q ^i+2i+l^iT\ 


~2- 


i 


< I 


-1, 


a i+\i = 


^i+lT+2^T+2i ~ 1 ^T+2~i^i+lTj 




i 


< I 


-1, 


°T+2~i = 


^i+2i+l^T+li ~ 9 ^T+li^T+2ii 




i 


< I 


-1, 


CX iT+2 = 


Vii+lVi+li+2 — (1 1 &i+lT+2&ii^ 


-1) 


i 


< I 


-1, 


a i+lT+T 


= Q&i+l T+2^i+2 i+l — Q &T+2~T 


fT Cr i+li+2) 


i 


< I 


- 1. 



Combining these, we find that for i < I — 1 

®~ii+l + ®i+li = ^ii+2^i+2i+l + &i+l T+2^T+2 J ~ <? 1 ®i+2 T+I&i T+2 ~ 1 1 &T+2 lPi+1 T+2 
= ^ii+2^i+2i+l + ® i+l i+2 {^i+2 i+l&T+l 1 ~ Q ^T+1~P i+2 i+l) 

~ Q 1 ^i+2i+l(^ii+l^i+li+2 ~ Q 1 °~i+li+2~Vii+l) ~ Q 1 ° i+2 i* 7 i+l i+2 
= {^iT+2 ~ Q ^i+lT+2^T+l'i)^i+2i+l ~ <? {^T+2i + ® i+2 i+l&H+l) &i+l T+2 

+ °i+li+2 CJ i+2i+l IJ i+li ' 1 i+2 i+\°i+\ i+2°""+l 
= ( a ii+2 + Q 1 ^i+li+2^H+l) Cr i+2i+l ~ Q 1 ( a i+2i ~ a i+2i+l a i+Ti)°~i+li+2 

~ {^i+lT+2^i+2i+l ~ 1 ®i+2 i+l&i+l T+2) &i i+l 
— °ii+l (T i+li+2 (T i+2i+l ' 1 a i+l i a i+2 i+l a i+l i+2 Q °~i+l i+l a ii+l 
= ^ii+l(^i+li+2^i+2i+l ~ Q 2 ^i+2i+l^i+lT+2) ~ Q 1 ^i+li+l^ii+l 

= q 1 cr ii+1 cr i+1 ^ - q ^ i+ ii+i^a+i 
= q 1 [a ii+ i, o-j+ii+r] 

as required. Note that this working also holds true for i — I — 1 in the case m = 21 + 1, 
as then the conditions on equation f)3.1Uj) are all met. In the case m = 21, however, there 
is no way to meet the conditions to find an expansion of o , l _ 1 j or a which is why the 
extra relation (j3.11j) must be included. The technique used above can be applied almost 
identically to find the commutation relations that arose from the roots a M and a s . Hence 
equations (|3.9|) . (j3.1U|) and (j3.11|) are equivalent to the complete set of g-commutation and 
recursion relations derived in Appendix A. 
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In the case m = 21, we can find an alternative extra relation to equation (j3.11j) . For such 
m, consider the relations involving a t j. 

Firstly, we have 

q {oil ' £b) a ba a ii+1 - q' (oil ' £a) a ii+1 a ba = 0, e a < e b , a ^ i, i + 1 and b ^ i,i + 1 

=> = 0, i < I- 1 

and 

g^^a-iao-j.!! - g~ (a! ' ea) <7,_ 1I( 7 6a = 0, £ a < £ 6 , a ^ I- 1,1 and b ^ I - 1,1 
Moreover, we know 

[&i-ih&u] = q^i-u + ^i—) 

<^> [ai-xi,af^ = 

from the simple generators in Section 13.21 Similarly, can be shown to commute with 
the remaining simple generators. Together these imply a t j is an invariant of the system. It 
cannot, therefore, have weight 2ei, as it would if it were non-zero, so 



a t j = 0, m = 21. 

This equation is a convenient alternative to (|3.1H) in the unified form of the relations. 
Hence we have found the following result: 
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Lemma 3.3.1 There is a unique matrix in {End V) <S> U q [osp(m\n)} + of the form 



R = q 



I^I + iq-q- 1 ) J2(-l) [b] EZ®e- ba 



£a<£b 



satisfying RA(e c ) = A T (e c )R. The fundamental values of a ha for that matrix are given by: 



o-n+1 = -%n = 9*e i ga hi , 



°ll = o, 
ftll+i = 



1 < i < I, 
m = 21, 
m = 21, 

771 = 21 + 1, 

1 < fi < k, 



0~u=ki=l 



-l)V i= T7I: 



i=Tjz=k =q^e s q-* hs ; 



(3.12) 
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and the remaining values can be calculated using 

(i) the q- commutation relations 

q M a ba e c q^ - (-l^H^V^^^ = 0, e b > e a , (3.13) 
where neither e a — a c nor e b + a c equals any e x ; and 

(ii) the induction relations 

ha = q-^Wca ~ g- (£ - £c) (-l) ([bl + [Cl)([a] + [Cl) ^a^ C , E b > 6 C > S a , (3.14) 

where c^bora. 



This matrix can also be written in a slightly different form. As we are working in the (7r®id) 
representation, we have 



q* =Q_^E a a ®I)q* 



a 



Hence an alternative way of expressing R is 

R = K ® +(q- q~ l ) ]T (-l? ] E a b <g> q h ^a ba , 

a £a<e b 

with the d~ ba as given before. 
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Chapter 4 

A Closer Look at the Lax operator 



We have found a set of fundamental values and relations which uniquely define the unknowns 
&ba- Theoretically the resultant matrix R must be a Lax operator, as we know there is one 
of the given form. It seems advisable, however, to check this by verifying that R satisfies 
the remaining i?-matrix properties. These are 

(id ® A)R = R 13 R 12 (4.1) 
and the intertwining property for the remaining generators, 

RA(a) = A T (a)R, Va e U q [osp(m\n)]. 

In this chapter we confirm that R satisfies both these properties. We also calculate the 
opposite Lax operator R T , and briefly examine whether the defining relations for the d\> a 
incorporate the g-Serre relations for U q [osp(m\n)}. 



4.1 Calculating the Coproduct 

We begin by considering the first of these defining properties, equation (j4.1|) . In order to 
evaluate (id ® A)R, however, we need to know A(d"& a ). Now at the end of the previous 
chapter we showed that 
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a Sb>E a 

Using this form for R, we find 



#13^2 = (J2 E a a <g> / <g> + (g - g- 1 ) ^ (-l) [fe] ^ a ® I ® g^<C 

a e b >e a 

c £d>£c 

= ^ E a E c ® ^ ® 9^ 
a c 

+ (« - £ £ (-i) [d] ^ ® 9*"** ® ?*- 

a £d>£c 

+ (9 - IT') E E (-l) [61 ^c ® ?*" ® 

c £b>e a 

+ (q - g^ 1 ) 2 E ^ (-l)^^ ® g h -a, c ® q h ^a ba 

£fj>£a £d>£c 

= Y,E a a ® q h ^ ® g ft - + (g - g" 1 ) J] (-l) [d] E c d ® g^<x dc <g> g h - 

a £d>£c 

+ (? - E (- 1 ) w ^ a ® ^ ® 9**°^ 

£f,>£a 
£d>£c>£a 

= ^2 E a ® q hea ® 9 feso 

a 

+ (g - 'T 1 ) X) ® (? feeo ^a ® q hEa + q hs » ® g^^a) 

£f,>£a 

+ (<?-<T 1 ) 2 E (-i) M+[c] K®^ £c ^c®g^a ca . 



£f,>£c>£a 

Also, the coproduct properties ()2.6|) imply 



(id <g> A)i? = ^£ a a ® g ft - <g> g ft - + (g - g" 1 ) £ (-1)^ <g> (g ft - ® q h ^)A(a ba ). 



£(,>£a 



Hence i? will satisfy equation (j4.1j) if and only if A(d"& a ) is given by: 
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A(a ba ) = &ba ® I + q he »~ hea ®ha + {q-q^) Yl (-^) [c] g hec ~ hea ^bc ® ha- 

S b >£c>Sa 

Now we use the fundamental values of a ba ()3.12)1 and the inductive relations ()3.14j) to calcu- 
late A(<7& ), and show that it is indeed of this form. First set 

ha = h £b - h ea , 

so we need to show 

A(a ba ) = a ba ® I + q hba ® a ba + (q - q- 1 ) (-iW^&c ® 

£b>£c>£a 

Consider the non-zero fundamental values of ha, given in equation (j3.12j) . For these values 
oib = Sb — £ a is a simple root. Note that in each case ha = Ae b q^ hba or Ae^q^" for some 
constant A. Then 

A(a ba ) = AA(e c )A(q? hb °), c = b or a 

= A(q^ hba <g> e c + e c <g> q~^ hba )(q^ hba <g> q \ h ^) 
= q hba (g) Ae c q^ hb + Ae c q^ hb <g> / 
= q hba <g> ha + ha <S> /■ 

In the case of a simple root there is usually no c satisfying > e c > e a , so this is the expected 
result. The only exceptions to that generalisation are tfjizj and where m = 21. In both 
those cases, however, the sum in our expression for A(a ba ) still disappears as it becomes a 
single term containing a t j, which we know equals 0. Hence our formula for the expected 
coproduct is correct for the non-zero fundamental values of a ba . 

Also, when m — 21 

a n ®I + q h a®a {l + (q-q- 1 ) ^ {-l)^q h da lc ® & cJ = + + = A(a a = 0) 

£l>£c>-£l 
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as required. Thus we have verified the formula for the coproduct for all the fundamental 
values of &b a given in equation (|3.12j) . 



To find the coproduct for the remaining values of aba we use the inductive relations ([3.14)1 : 



where c ^ b or a. We assume our formula for the coproduct holds for o hc and a ca , where 
Eb > e c > e a , and then show it is also true for aba- 

We can always choose c satisfying the conditions such that either Eb — e c or e c — e a is a 
simple root. First consider e b — e c is a simple root, denoted by either a b or a% depending on 
circumstance, so &bc — Aebq^ hb or Ae-cq^ h ~ for some constant A. 

The coproduct is an algebra homomorphism, so for £& > e c > e a , c 7^ a or b, we have 



(Tba = q 



VbcVca - q 



(^,e c )(_ 1 )([6] + [c])([a] + [ C ]) (3 . ca(3 . 



E h > Be > £, 



A(a ba ) = g- (£6 ' £a) A(a bc )A(a ca ) - g-^^(-l)(M + W)(W + [ c ])A(a ca )A(a bc ). 



Substituting in our expression for the coproduct gives: 



A(a ba ) =q {£b ' £a) (a bc <g> I + q hbc <g> a bc ) 

(a ca ® 7 + q hca ® a ca + (g - g" 1 ) ( 



l) [ V da <^®^a) 



-(ee,£e) (_!)([&]+[£])([«]+[<:]) 

(a^ <g> J + q h ™ ® + (g - g" 1 ) ^ ( 




■ d a 



Expanding, we obtain 
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A(a 6a ) = (q~ i£b ^a bc aca - g- (£c ' £ ^-l) ([51+[cl)([a]+[c]) ^e) ® / 

+ ( g -(^,e a ) g -( £c - £a , £b - £c ) _ ? -( e c, E c)[(_ 1 )([6]+[c])([a]+[c])]2^/ lca5 . 6c g ^ 
+ ^-(£i,,£a)^_ 1 )([6]+[c])([o]+[c]) 

_ g -(£c, £c )(_ 1 )(M + [ C ])([a] + [ C ]) g -( £6 - ec , £c - £[! )^/ 1 . bC( 3. ca g ^ 

+ (9 - 9^) E (-l) [ V da 9~ (£6 ' ea V (£d ~ £a * £6 ~ £c Wed ® a-da 

-(g-g- 1 ) E (-i) M 9^g- (e ^H-i) (H+H)(W+M) ^^®^ 

+ (9 - g- 1 ) E (-l) M g^ + ^ ff - (e ^H-l) (W+H)(W+H) ^«i ® ***** 

£c>Sd>Sa 

e c >£d>£a 

x g _(£6 ~ £c ' £c ~ £d) a cd ® o- da o- 6c . 

Since e b > e c > e a and c 7^ a or b, we know that (e , e c ) = e c ) = 0. Using this, we 
simplify the above expression to: 



A(a fea ) =d ba ® / + ® a 6a + (g (£c ' £c) - g" {£c ' £c) )g /lca <r ;)C ® <7 ca 
+ ( g -(^a) _ g (^,^))(_ 1 )([6]+[c])(H+[c]) g ft 6c6 . ca g ^ 

+ (g-g~ 1 ) E (-i) M sM?~ (ed '^*«J 

£ e >£d>£a 

+ (q-q- 1 ) (-l) [d] g^ + ^(-l) (M+[cl)([a]+[c]) (T C(i 

£c>£ci>£a 

g ( g -(^- c ^)(_l)(M+W)(H+M)^ a _ g(^^)^ a a 6c ). (4.2) 
But when d^b the g-commutation relations (jSHSj) can be used to show 
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? -K, £ a) ( _ 1) ([ 6 ]+[c])([a]+[ d ])^ da _ qM^^ 

= - A{q^ d ' ab) a da e b q^ hb - (-lf [a]+mab] q-^ £a h b q^ hb a da ) 
(or - A(q( e *>°"'>a da e s q* he - (-^H+HlNg-^e^)) 
= 0. 

And in the case c ^ d, we have 

q- {£d ' ab) a bc a cd - g -^^) ( _ 1) ([6] + [c])([c] +H )^^ c = ^ 

from the inductive relations (|3.14j) . Moreover, when c = d (so e c > 0) we note from the 
relations in Table lA~T1 that 

= q~ (£c ' £c) {a bc ,a cZ ] 

= d te +(-l)M[(-l)V^* eS 

= ^ + (-l) W [(-l)*ff]^* 

so for all d satisfying e c > e d > £ a we have 

q-^&ic&d - q -(<°*)(-l)m+mi4+W)fa &bc = a bd + 5l(-l)l\-l) k q] s t=ia s . 
We also introduce a new function 6 xy , defined by 

{1, £ X > Ey, 

0, e x < Ey. 

Combining all this information, we simplify equation (|4.2jl to: 
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A(<r 6a ) =a ba ® 1 + q hi " ® a fea + (1 - <^ +1 )(g - g- 1 )(-l)Mg fec «a 6c ® <r ca 
+ ^(g-^ 1 )(-l) [ V bc ^a®cr ; , c 

+ (<2-<T 1 ) (-i^V*"**®**. 

£c>£d>£a 

+ (? - g-^C-i)^ 1 ^^^ ® (<^% a - (-i) ([fe]+[c])([al+[6]) g- {£6 ' £6) ^ a( T6 C ). (4.3) 

While this currently does not look much like the expected formula for A(<5"& a ), it can be 
further simplified. First note that since — s c = e-c — s b is a simple root, 



and 



Also, looking back at the formulae for <7& c associated with the simple roots, we see that if 
$i = i + i = 1 we have a bc = — q~* if <^Lj_i<^_j = 1 then o hc = — cr-^; and if 9 cZ = 1 then 
a bc = — (— 1)[ 6 1[(— l) k q] s i=^a-^. Moreover, if 9 c ^ a = 1 then b c, a so we can simplify the 
final term in ()4.3|) using 



Applying all this gives: 
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A(<r 6a ) =a ba <g> I + q h »« <g> ha + (q ~ O (-l) [d] ^<r 6d <g> <r da 

- ^ = i + i(9 - q~ l )q hca ebc ® ha + <5£(g - g _1 )(-l) [ V 6c £ca <g> <r 6c 

+ (g - ^X-i^CMfa + Wg^1(-i) fe gF-<^ ^ 

- (? - ^ 1 )(-l) [61 + [Cl [(-l)^]^ 1 ^ a ^^ ® 

- ^=1+1(9 - q~ 1 )q~*9- la g hca &cb ® 

=<x 6a ® / + g^ <g> <r fea + (g - g- 1 ) (-lj'^^ffw® ^ 

£c>e<j>ea 

- 5 c i=l+ Mq - ?- 1 )(-i) w 9 fc6e ^«a ® + - g-'X-i^V^ca ® 

- - g^X-i)^ 1 W^ ca ® a bc 

+ Ci-i^=i(9 - 9 _1 )%Ta9 h, °^-n ® 

Now note that 

<5f (1 - Cm - **) = ^Ui^J 
and that <7 z j = 0. Then our formula for A((T ba ) becomes: 

A(<7 6a ) =ha ® I + q hba ® a ba + (q - q- 1 ) ^ (-l) [(l, ^ff M ® ff^ 

£ c>£d>£a 

+ <^C*-i<5; =I (g - g- 1 )!-!) 1 ^^^ ® ^ c 
+ Ci-i^=i(9 - q'^j^iaq^i-u ® *i« 

=a 6a ® / + g fe& « <g> <r 6a + (g - g" 1 ) ^ (-l) [ V do £&<i ® <7 da 

£c>£d>£a 

+ 51^— (q - q-y—^afl ® 
=(75. ® / + g^ ® a 6a + (g - g- 1 ) ^ (-l^V^w ® 



£b>£ ( i>£a 
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as required. 



To verify our formula for the coproduct it is also necessary to consider the case when a ca is 
a fundamental value. The calculations, however, are extremely similar to those where a bc is 
a fundamental value, so they are not included. Suffice it to say that they give the expected 
result. Moreover, as a check, it has also been shown directly that the coproduct is consistent 
with the commutation relations (jH.lHjl . although again the calculations are rather tedious 
and have been omitted. 

Thus we have shown the coproduct of the operators a ba is given by 

A(a ba ) = a ba ® I + q h »* ® a ba + (q - q' 1 ) (-l) [ V ca 6&c <8> <r ca , 

and consequently that the matrix R found in the previous chapter satisfies the property 

(id <g> A)R = RisRn- 

4.2 The Intertwining Property 

To confirm that we have a Lax operator we need to check one last relation, namely the 
intertwining property for the other generators. 

RA(a) = A T (a)R } Va e U q [osp(m\n)\. (4.4) 

Now R is weightless, so it commutes with all the Cartan elements. Moreover, A(q ha ) = 
A T (q ha ),Wh a G H, so the Cartan elements will automatically satisfy equation (J4.4)) . Thus 
it remains only to verify the intertwining property for the lowering generators, /„. Unfor- 
tunately, knowing the raising generators satisfy the intertwining property does not appear 
helpful. Instead, we start by assuming the form of the Lax operator and that it satisfies 
the intertwining property for the lowering generators, and then proceed as in the previous 
chapter. Provided the relations and fundamental values obtained are consistent with those 
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already developed, we will have confirmed that the matrix R constructed in the previous 
chapter is a Lax operator. Initially the process mirrors that in Section 13. 1[ so some of the 
detail is omitted. 



Now we know 



and 



Moreover, 



Therefore 



A T (f c )R 



R = q a 



I ® I + (q - q- 1 ) (-l) [61 # 6 a ® ha 



Sa<£b 



A(/ c ) = g^®/ c + / c ®g-5 h « 



A Uc)q a 



(q ^ hc ® fc + fc®q^ hc )q^ ha 

Y,ha®h a , l. 



q ° 



(q* hc ® f c + fc®q* c )- 



q^ ham \q^ ®f c + f c ® q'^) I ® I + (q - q' 1 ) ^ {-l)®E a b ® a ha 



£a<£b 



Y.h a ®h a f 1. 3, 
g« |g2 fe ® / c + / c ® g2 ft <= 

+ (q - q' 1 ) E (-1) [6] [(-l)(M+M)M g §K^)ii- ® /c a fea + / c £« ® gl^aj }, (4.5) 



£a<£f, 



while 



i?A(/ c ) = g 



[q^ hc ® / c + fc®q^ hc 

+(q - q' 1 ) E [?* (ao,e6) £? ® <W C 



£a<£(, 



+ (-i)(W+W)W^/ c ® <^a<rH }■ (4.6) 
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Equating (|4.5j) and (|4.6|) . we find 



+ (9 - £ [(-l) ([al+[fe])[c] ^ a / c ® - fcES ® <z |fe ^J • (4.7) 



£a<£b 



Taking the terms with zero weight on the right-hand side of the tensor product gives 



(q-q- 1 ) C- 1 )^?® (q^ ao ' £b) hafc-{-i) l %^ ac ' £a) fcha). (4.8) 



Efe— £a=a c 



This can be used to find the fundamental values of af, a , and check that they agree with those 
in Section l3~21 

Similarly, taking the terms of Equation ()4.7|) with non-zero weight on the right-hand side of 
the tensor product, we find 



(-l) [b] E2 ® (ffl^We - (-l) ([al+[6D[cl g |(aC ' £a) /c^a) 



£6 — £a7^ a 



£(,>£a 



When £j — e a — a c ^ $ (recalling that $ = {eb — s a \eb > £ a })> this gives 



q^ M hafc - (-lJlL-J+WJlcj^S^aJ/^ = 



a]+[&])[c]_i(a c ,£o) 



Conversely, when — e a — a c = e&/ — e a / we obtain 
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£ b'> £ a' 
Efc — £a— Oto=ey — e a' 

= {-l) [b] E a b ® (g^Wc - (-l)(M+M)W^(^^)/ c ^ a ), e b > £a . 

However and / C -Ey are linearly independent unless b = b', as are and / c when 
a 7^ a'. Hence we can simplify this equation to 



E (-i) m /^®?^aw- E (-i) [6 ' ] (-i) (H+[6 ' 1)[c] K'/ c ®^g-^ 

e b i>e a 

£ a i=£ a +a c e b i=e b —a c 

= (-1)®E% <g> (q^^Wc - (-l) ([al+[fe])[c] g^ (Qc ' £a) / c ^a), £ b > e, 

This then reduces to 



[b] ^{e b -e a -aic,a c ) 



f c E% ®a ha >q 



£ a l=£a+Ctc 

_ (_l)[b]+W(_X)(W+[b]+[c])[c]^aj c 



= (-1)^® {q^ £b) a ba f c - (-l)(W+W)W g l(^- )/ c a 6a ) 
for e& > e a , which can, in turn, be simplified to 



g5^- £ «-^)(ai/ c |a0^a'?^ c -(-l) ([a]+[bl)[c k&Vc|fc)^'ag" l ' lc 

= q^ ac ' £b) a ba fc ~ (-l) ([a]+[6])[c] ^ (ac ' £a VAa, £ b > £«• (4.9) 

We now test whether equations ()4.8|) and (|4.9jl are consistent with the <jfc a found in the 
preceding chapter. Firstly, we use the former to check the fundamental values of <7& a . 



= (q- q' 1 ) E (- 1 ) [61 ^6 ® (^ (Qc,£6) ^a/ c - (-i) [c] g^ K ' £a) / c ^a). 
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Consider the case of the root a.i = £j — e i+ i, 1 < i < I, so fa = — Ei-^-. Then the 
equation becomes: 

- %r) ® (gi* - q-^) = (q - q- 1 )^ 1 ® (g^ wl /, - q^ faa ll+l ) 

+ (q- q- x )Ei^®{q^a m -Ji - g - */i%n). 

Hence we can see immediately that <Xjj + i = — cr^pn, and that 

(q - q~ l ){q^vn+ifaq~^ hi - q~^ fa^u+iq^ hi ) 

q-^fr u+1 q~^ hi fa - q~^ faa ii+1 q~^ hi 
[q~h ii+ iq-^ hi ,fa]. 

This is certainly consistent with 

= -hm = Q* e i<l* hi > 

the formula obtained in Section E21 Similarly, we can check all the other fundamental values 
using the same method, and in each case they are consistent with those previously obtained. 
Thus it only remains to check that the relations arising out of the equation 

^ (£6 - £a - ac ' ac) (a|/ c |aV6a'g^ c -(-l) [c]([a]+[6]) (&1/ c |6)^ar^ c 

= q^' £b) hafc ~ (-l) [cm+[b] k^ ac ' Ea) f c a ba , e b > e a 

are consistent with relations ()3.13|) and (j3.14|) from the previous chapter. 

Again, consider the root oti = £j — £j+i, 1 < i < I. Here fa = = E\ +1 — Ei—. Then 

(a|/i = - ^<f + T|, Mb) = + 1) - Syj). 

Hence our equation becomes: 



q ht _ q -hi 



q 



it. 



q 



-hi 



q-q 
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= q^ aueb) hafi - q^' £a) fit ba , e h > e a . 

From this we can deduce the following relations: 

q'^ouq^ 1 = fai+ifi - q~^fi&bi+i, Bb > Si, (4.10) 

q-lqK^^—qlhi = q -\f^ hl _ q^ ai '^a b -f h b^i,e b > -e i+1 , 

6i+i a q~^ hi = q^ a% ' £a) jid ia - q^a ia fi, a^J,e a < e l+1 , 

h a q~^ = q^i+lafi ~ /*%Ta> e a < Si, 

°ii+iq ihi + ourivr* 1 * = q'^fAi - q^afi, 



q-^' Eb) a ba fi ~ q^ £a) fiOba = 0, e b > e a ; a ^ % + 1, i; b ^ i,i + 1. (4.11) 

Unlike the relations obtained in the previous chapter, these cannot be used to inductively 
construct the a ba . Also, there is no simple general form. Neither of these is a problem, 
however, since we only need to confirm that these relations are consistent with those in 
Chapter El 

For instance, consider relation ()4.1Uj) . Previously we found 



&bi+i — &biVii+i — q ^mobi- 



lising this, we find that 



RHS = ctbi+ifi — q 2 fih 



i+1 



{vbi&a+i - q 1 &ii+i(?bi)fi - q 2 fi{vbi&a+i - q 1 ^a+i^u) 

q^a bi eiq^ hi fi - q~hiq^a bi fi - fiCr bi eiq^ + q~ l he^^u 



Note from equation (j4.11j) that whenever e b > E{ 
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Applying this together with the usual commutation relations, we see 



RHS = q ^a bi eifiq^ hl - e^ hi - q ^^ u fi^ hi 



+ q 1 (eifi - 



q-q- 



-hi 



q* hl °bi 



q ^o hi Zifiq }lh% - q 1 e i f i qz hx a bi - q ^auUifi - 



q - q~ l 



i/i- 

q2 rh 



+ q 1 {e i fi 
1 



q™"i q 



q-q 
1 



-i 



q-q 

3 -h- -i-h' 



q* hi Vbi 



q 2 Obi(q 2 1 -q 2 l ) -q (q 2 



q-q- 

q 2 - q 2 * a/,. 



5 2 hM 2 1 ~q 2 l ) ~q hi(q 2 



q- 



q 



)q-^i) 



q-q 



q 2 o-biq 



as expected. Hence equation (|4.1(J|) is consistent with the defining relations for a ba found in 
the previous chapter. 



Although time-consuming, it can be confirmed that all the other relations generated by 
equation ()4.9|) are similarly consistent, regardless of which root is chosen. Thus we have 
verified that the matrix R constructed in the previous chapter satisfies the intertwining 
property 



RA(a) = A T (a)R 

for all elements a e U g [osp(m\n)]. 



47 



4.3 The Lax Operator 



We have now proven, as expected, that the matrix R found in the previous chapter satisfies 
both the intertwining property and (id ® A)R = R\^R\2. The other i?-matrix property, 
containing (A ® id)i?, is clearly not applicable here. It is not necessary, however, as we 
know there is a Lax operator belonging to n (U q [osp(m\n)}~) <8> U q [osp(m\n)} + , and we have 
shown there is only one such possibility. Thus the work in this chapter confirms the following 
theorem: 

Theorem 4.3.1 The Lax operator, R = (ji®id)lZ for the quantum superalgebra U q [osp(m\n)], 
where 1Z G U q [osp{m\n)Y ® U q [osp{m\n)} + and m > 2, is given by 

R = q h*®»* [/ (g, I + ( q _ {-lf ] E a b ® a ba 

£a<£b 

= J2 E a® <i h£a +(q- 1" 1 ) E (- l ) [b] K ® Q hea ^ a , 

a £a<Sb 

where the operators satisfy: 

(i) the q- commutation relations 

q {a ^ b) b ha e c q^ - (-l)(M+M)IV (ac,eo W ftc £6a = 0, e b > e a 
when neither e a — a c nor e b + a c equals any e x ; and 

(ii) the recursion relations 

a ba = q-^a bc a ca - ? -(^^) ( _ 1) ([6] + [c])([a] + [c])^^ c) £b> £c> £a 
when c^b or a; and with initial values given by: 
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Cii+1 


— a i+l i 




l<i<l, 


°l-ll 


= — 


= q*eiq* hl , 


m = 21, 


<7ll+l 




= e iq * hl , 


m = 2l + l, 




= a ji+i-p 


= q~*e li q* h », 


1 < H < k, 




= (-l)Vl = Tp=fc 


i i/i 
= q*e s qz ns , 






= o, 




m = 21. 



As an aside, the two properties verified directly are sufficient to prove R satisfies the Yang- 
Baxter equation. For using only those, we see 

R23R13R12 = #2 3 (id<g> A)i2 

= [(id <g> A T ) J R] J R 23 
= [(id (8) T) ((id (8) A)i?]i? 23 
= [(id ® T)R n R 12 ]R 23 
= R12R13R23 

as required. 

It is very surprising that there is a unique solution to 

i?A(e c ) = A T (e c )i?, 

even given we restricted ourselves to matrices in n (U q [osp(m\n)]~) <E> U q [osp(m\n)] + . While 
it is reassuring that the solution is a Lax operator, it means the remaining i?-matrix relations 
were redundant, which raises the question of why. It suggests there may be some underlying 
symmetries in the system; some way in which the other i?-matrix properties can be derived 
from the one used. If so, however, they are not obvious. 
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4.4 The Opposite Lax Operator 



Having found the Lax operator R = (7r (g> id)72., we wish to use that result to find its opposite 
R T = (it eg) id)TZ T , where TZ T is the opposite universal i?-matrix of U q [osp(m\n)}. We begin 
by showing that TZ T is in fact equal to TV , where ' represents graded conjugation, defined 
below. 

A graded conjugation on U g [osp(m\n)] is defined on the simple generators by: 

el = fa, fl = (-l) H e a , hi = ha. 

It is consistent with the coproduct and extends naturally to all remaining elements of 
U q [osp(m\n)], satisfying the properties: 

(a6)t = (_l)NW6t a t ? 

(a ® o) f = a f ® b\ 
A( a y = A(a t ). 

Returning to the universal i?-matrix TZ, we know 

TlA(a) = A T (a)Tl, Va G C/ g [osp(m|n)], 
A(a) ] Tl ] = TVA T (a) ] 
A(a t )^ t = ?e t A T (a t ) 

A(a)ft f = ft f A T (a), Va G C/ g [osp(m|n)]. 

Similarly, TV satisfies the other i?-matrix properties (|2.7|) . As there is a unique universal 
i?-matrix belonging to U q [osp(m\n)] + (g) [/Josp(m|n)]~, the only possibility is TZ T = TV. 
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Now it is known that the vector representation is superunitary. A discussion of superunitary 
representations is given in [31], where they are called grade star representations, but for this 
thesis we need only note this implies 



7r(a^) = 7r(a)\ Va G U q [osp(m\n)\. 

Hence 

R T = (vr <g> id)ft f 
= [(tt <g> id)ft] f 
= i2t. 

Thus we can find the opposite Lax operator R T simply by using the usual rules for graded 
conjugation. As R is given by 

r = K ® i hsa + (s - 1' 1 ) i- l f ]E t ® q h£a °ba, 

0, E b >E a 

we obtain 

R T = K ® q h '« +(q- q" 1 ) £ (-l) [6] (K) f ® V" ■ 

a £6>£a 

As (E 6 a )t = set 

^ = (-1)W(W + W)^ £b>£a . 

Then the opposite Lax operator R T can be written as 



r t = J2 E a® q hea + (q- q- 1 ) E (" 1 ) [a1 ^ ® (4.12) 

a £6>£a 

where the operators cr a 6 can be calculated from a^a using the usual graded conjugation rules. 
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4.5 q-Serre Relations 



Having shown that the relations found in Chapter El define a Lax operator, we also wish to 
see if they incorporate the g-Serre relations. It is too time-consuming to verify all of these, 
so we will merely provide a couple of examples, including the extra g-Serre relations. 

First recall that if simple root, then &b a oc e c qz c for either c = b or c = a. Then 

setting E a = e a q^ ha , we see from the definitions on page HH1 that: 

A(E a ) = q h *®E a + E a ®l 
S(E a ) = -q-v( a « a Jq-$ h *ea 
= ~q- ha E a 
adE a ob = -(-l) [am q ha bq' ha E a + E a b 

= E a b - {-\) [a][b] q {a ^ £b) bE a . (4.13) 

Now consider the simple generators &u+\ and a i+ n + 2- 

{ad &a + i °) 2 <Xi+ii+2 = ad o (cr ii+ ia i+ i i+ 2 — q 1 <5"i+ii+20"ii+i) 
= ad (Ja+i o a ii+ 2 

= from (Erm 

This is equivalent to the g-Serre relation (ade^ o) 1_a6c e c = for this pair of simple operators. 
In a similar way, we can verify this relation for any b ^ c. The defining relations for the &b a , 
therefore, incorporates all the standard g-Serre relations for raising generators. 

This still leaves the extra g-Serre relations, which involve the odd root. There are only 
two of these for our choice of simple roots [48]. Explicitly, taking into account the different 
conventions, the relevant extra g-Serre relations for U q [osp(m\n)] can be written as 
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[o' A t=fei=l, [0'i/=k-lfi=kj [^n=ki=li &i=lj=2) q]q) — (4-14) 
\p'n=ki=Xi [<3"i=lj=2, l<Jii=ki=l,d~u=k-ln=k]q]q] = 0, (4-15) 

where [x, y] q represents the adjoint action adx o y. 

Consider equation (j4.14J) . Using the defining relations ()3.13|) and ()3.14|) for the cr^a together 
with the adjoint action as given in equation (j4.13|) . we find: 

[o^=fc j=i, \& v=k-l yv=ki \&i*=ki=li &i=l j=2\q]q ] 
= [<7n=ki=li [&v=k-l(t=ki {? n=ki=l®i=l j=2 ~ Q 1 &i=l j=2&(i=k i=l)]q ] 
= [a^ = ki=l, [& u= k-l fi=k, &n=k j=2\q ] 

= [&/j,=ki=l, (&v=k-\ fj,=k^n=k j=2 ~ qCT^ = kj=20'u=k-lfM=k)} 
= [d'fi=k i=lj &v=k-l j=2\ 

= 

as required. It is equally straightforward to show that equation (J4.15)) arises from the defining 
relations of the a^. Hence these compact defining relations for the o\, a incorporate not only 
the standard g-Serre relations for the raising generators, but also the extra ones. This is 
quite interesting, as the equivalent g-Serre relations were not used in the derivation. 
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Chapter 5 

The i?-matrix for the Vector 
Representation 

The Lax operator can be used to explicitly calculate an i?-matrix for any representation 
stemming from the tc ® id representation. In particular, it provides a more straightforward 
method of calculating R for the tensor product of the vector representation, 7r <g> ir, than 
previously found [36]. 

By specifically constructing the i?-matrix for the vector representation, we also illustrate 
concretely the way the recursion relations can be applied to find the i?-matrix for an arbitrary 
representation. Although the values for a^a obtained will change for each representation, 
they can always be constructed by applying the same equations in the same order. We could 
choose to use only the relations listed in the tables in the appendix, but using the general 
form of the inductive relations shortens and simplifies the process. 

5.1 Fundamental values of &b a 

The first step is to calculate the values of <r& a where £}) £a IS £L simple root, using the 
formulae derived in Section l3~^l As before, we use e c and h c to denote the image of the raising 
generators and Cartan elements in the vector representation, with the 7r being implicit. 
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Now recall that in the vector representation = E l i+1 — El +1 and hi = El — E l ^\ + — 
Then for i < I 



Ei +1 -E*\ 



In the case m = 2/, we have e, = Ei" 1 - E^ and /i, = E\ - E\ + E\z{ - Et±. So 



= q^Ei' 1 - Ej^)q^ hl 
= E-^ 1 — E\-—. 



When m = 21 + 1, e t = E\ +l - £j +1 , while /i, = £?/ - £f. Thus 

= (E l l+1 - E^)q^ 
= E\ +l -q^EL + \ 

Similarly, e, = E» +1 + Ef 1 and h, = E$\ + if - E* - E~£±. These give: 



=?- i (^i+^r r )?' fc '* 



Lastly, in the case of the odd root remember that e s = E^f + (— l) k ELj^, whereas 
h s = E~^\ - E£\ + Et=l - Eff- Applying these, we find 
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a M=fcl=1 = (-l)V; = i p= fc = q^e s q^ 

= Eff + {-l) k qEt%. 

This completes the calculation of the fundamental values of &b a in the vector representation. 
They are summarised in Table l5~Tl 

Table 5.1: The fundamental values for a^a in the vector representation. 



Simple Root 


Corresponding <3"b a 


ati — Ei - e i+1 , i < I 
ai = £j_i + e h m = 21 
ai — ei, m — 21 + 1 

= dp - S^+i, /i < k 
a s = 5 k — £i, 


= -^1=1 = 4" 1 " 

a, =fci=1 = (-1) Vi =T7 z=fc = £f=f + (-i)*<z45 



5.2 Calculating (jj^, a- j 

Now that the fundamental values of a^a for the vector representation have been explicitly 
calculated, the remaining values can be found by applying the various inductive relations. 
There is no one correct way of doing this, with several equivalent methods giving the same 
result. We choose to begin by finding the remaining operators of the form cfji and o^--. As 
mentioned earlier, the same process can be applied to any representation. 

In the previous section we found that &a+i = E l i+1 — Ei +1 for i < I. We also know from 
Chapter |3] that 

Vbi+l = frbifrii+l — q 1 d~ii+l<J'bi, 1 < I, Eb> Ei. 
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Combining these, we find 



El'l - q-'E^I, Ki<l 



and 



01-2 i+l — 0"i-2iO"ii+l _ Q 0"ii+l°"j-2i 

= (El 2 - q-'Ey){Et +1 -Ef 1 )- q-\Et +1 - Ef 1 )^ - q^E^) 
= E^-q- 2 E^, 2<t<l. 

We postulate that Gji = E{ — q j ~' t+1 Ej, where 1 < j < % < I. Clearly this is true when 
i — j < 3. So we assume it is true for i — j = x for some x > 1, and try to show it holds for 
i — j — x + 1: 



crji = bji-xbi-xi - q 1 a i - li a ji , i-j = x+l 

= {El l -q ] - l+2 Ef I ){El 1 -Ey ) 

- q-^E*- 1 - EjLj) (E J i __ 1 - ql-^EF 1 ) by inductive hypothesis 
— E\ — q j ~ i+1 El, 

as required. 

Recalling that p — \ Yl\=i{ m ~ 2i)sj + | X^=i( n ~~ m + 2 — 2/i)5 M , we write this as 

= - q (p,zi-zi)+i E l, \<j<i<l. 

This includes all the values for except for % — I + 1 in the case m — 21 + 1. To find these 
remaining values, recall that on+i = -E'+i — q~^Ej +1 , and that 
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Therefore 



0n+i — &U&11+1 - Q 1 &u+i<7u, i<l. 



,-1 i. 



— Cji&u+i — q cu+iVji 

= (Ej - q^El){E\ +l - q-hE* 1 ) - q~\E\ +1 - q^E^)(Ef - q^E^ 

= <i - <r'-*i#- 1 

— ^1+1 y t • 



Unifying this with the previous result, we have shown 



ffji = E{ - q (p,zi-cj)+(ei,a) E i : 1 < j < i < [f 1 . 



(5.1) 



Similarly, we know that d-j+ij = El +1 — E\ +l for i < i, and that 



Thus 



= {Ef l - El +l ){E^ - i^- 1 ) - q^{E^ - ^"^(iSf 1 - Ei +1 ) 

= E^-q- 1 El~l, Ki<l. 

This time we try aj-j = EX — q j ~ l+1 Ef. Clearly the initial case of % — j + 1 is satisfied, so 
assume that it holds for some cr-j, j < i < I, and we will show that hence it is true for o"j+tj: 



= {Ef~ l - Ei +1 )(El - q^ +1 El) - q'\El - q^E^Ef 1 - 
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Thus we have inductively found <t-j for all 1 < j < i < I in the vector representation. 
Writing it in terms of the half-sum of positive roots, we have 



a Tj = El- q {p ' £ T- £ * )+1 El 1 < j < i < I. 



When m — 21 + 1, we must also find %pjj (= for 1 < j < I- From Table l5~Tl we have 

(T l+1 j = Ej +1 — q^E l l+1 . Using this, we see that for all j < I 



E^-q^Ej +1 . 



Hence 



a Vj = El - q^T-^El 1 < j < z < ] . 



(5.2) 



5.3 Calculating a Vfl , ajj V 

The next step is to construct the operators of the form b Vil and a-p V , an equally straightfor- 
ward process. 

We have already found that <r MAt+ i = E^ +1 + E£ + , for // < k. Also, we know that 
Combining these, we find that for 1 < \i < k : 



qR 
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We hypothesise that a vlx = E v — (— l)^ +u q^ v 1 E£, v < fi < k. Clearly this holds when 
\i — v + 1. Hence we suppose it is true for a V[1 where 1 < v < ji < k and show it holds for 

- q(E» +1 + E^)(E; - (-lf+V^if ) 
Thus we have proven, by induction, that 



& Vfl = E»- (-ly+Vq^-Z^E*, 1 < v < pi < k. 



(5.3) 



Similarly, we have &j[+i-p = E^ + + E^ +1 , and 



= ^H+T-p^ - ^M^+ip v < <k. 

Using these, we deduce 



= (E^ + E^E^ + E^-qiE^ + E^E^+E^) 

= E Wi~ qE ^ K^<k. 

From this we suspect that a-p V = E£ — (—l) fJi+u qV~ u ~ 1 E^. Assuming this is true for a given 

v < fi < k, from the inductive relations (j3.14|) we find 



(E^ + E^EZ-i-ir^q^E;) 

-9(i?^(-lrY^ 1 i^;)(i?? T +^ 1 ) 

E^ 1 - (-l/^+V^^K+i, 
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as expected. Therefore it follows by induction that 



o-jc 



v = E i t- (-l)^g(^-'V)- 1 ^, \<v<\i<k\ (5.4) 



5.4 Calculating & 



The next step is to find the odd unknowns of the form and aj-p. The process is simplified 
by using the values of &ba already calculated. 

In the case of <r M i we first use a u= ki=i and cr^ u to find the general 0711=1 and then apply &ji 
to extend this to all values of a^. 

Earlier in the chapter we showed that: 

a uM = E»= k + {-l) k qEl% 

<V = ES - (-ly^q^-'El fi<u<k, 



a 



31 



e( - < t ! '•'/•;. 1 < j < I < I, 



= Ef +1 - q j - l ^Ef\ 1 < j < I, m = 21 + 1. 

The relations we apply are 

(7^1=1 = a n u =hO u= k i=i — g , <3"i/=fci=i<T At i/=fc, /i < k, 
b^i = cr^ j= ia j= ii - q~ (Tj^iVnj^, i > 1- 

Note the second of these is taken from the general form of the inductive relations. Although 
one could calculate using only the relations in Tables IA.ll IA.2I and IA.31 at this point 
using the general form saves time. 

Combining the information, we see 
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r M j=i — (T M1/= fcO"i/=fcj=l — q<Ju=ki=l&nu=k, (1 < k 

= (E^ - (-l) k ^ q k -^E*= k )(E»= k + (-l) k qEl%) 

- q{E»= k + {-l) k qEt]^{E^ =k - 
= £f = i + {-iy q k -» +1 Ef~\ fi < k. 
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Then for % < I 



&ni = <7/j,j=i(Jj=ii — q (Tj=ncr fJ ,j=i, l<i<l 
= {Ef =1 + (-l)V^ +1 £f T )(£f 1 - <f- % E] =T ) 

- q -\Ei =1 - q^Ej =J )(E^ =1 + {-iy q k -^Ef T ) 
= E? + {-iyq k -» +2 - l El, l<i<l 
= E? + (-l f q (p^' 5 ^ +1 El, 1 < % < I. 

It only remains to calculate a^i+i when m — 21 + 1. We find 



O 'nl+l — C/ii=lCj=li+l — <i Cr?=l/+lC/ii=l 

- q-\Ei=l - q ^E^){EU + (-1) ^-^ E l= T ) 

= + (-1) V"""' + *££ hl 
= £f +1 + (-1)^(^+1-^)^+1. 



Thus 



a„i = Ef + (-lygfai-W+te^E*, \<i< [f ] , 1 < fi < k. 



(5.5) 



To find o-~ we follow the same procedure. The known values for b^a and recurrence relations 
we use are: 
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& VJi = BL- {-ly+^-^EZ, 1 < /i < v < k, 

, -E)-^ +1 El 1 < j < i < I. 



0~7 



a l+lJ = EL +1 - q>- 1+1 iEi +1 , l<j<l,m = 2l + l, 

= ^3=1^=171 - q^=j^ij=T, i > i ■ 

From these we determine 

&i=T-p — ^i=Tv=k^v=k-p, ~~ 1^v=kTP~i=\v=ki H <k 

= (4=k + ("I) V^Lf ){E%* - {-if+^-^E^) 

- q{El= k - {-l) k ^ q k -^E^ =k ){EL% + (-1) V^tf ) 
= Ef T + (-l)V-"" 1 ££i> 
Therefore, for 1 < fi < k, we find 

% = ^J=T^=Tn - q-^j^i^j, Ki<l 

= (4 =T -? 2 ^ =i )(4 =T +(-i)v-''- l ^ , =i) 

- ? _1 (4 =T + ("1) V^^UX^T - q^Ef 1 ) 
= El+ (-1) V _A4_i ^, 1 < i < i 

and 



= (^-g f -^)(4 =T +(- 1 )V^ 1 4i 1 ) 
= 4 +i + (-i)v^-^f + i. 
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Hence 



cr- 



i<^< rti, i</x< fc. 



(5.6) 



5.5 Calculating ct-j 

Now we construct the operators of the form a { j, starting from the fundamental values asso- 
ciated with the root a\. As we currently have different operators depending on the parity of 
m, the first step is to unify the two cases. 

It has already been shown that when m is even, Ojj = 0, (X^j = El _1 — ^j^f an d = 
Ej-j — Ej^ 1 . We now calculate those operators for the case m = 21 + 1, using the expressions 
for &u + i and fr l+1 j in Table I5~T1 together with those for 07-12+1 and o~ l+1 j^i as determined in 
Section 15.21 From the inductive relations (J3.14|) we find 



= q{E\ +l - q^E^)(E^ - q^E\ +1 ) - (E^ 1 - q^E l l+1 )(E l l+1 - q^E 1 ^) 
= qE\-E\. 

Also, 



= {E\-\ - q-lE^)(E^ - q^E\ +1 ) - - q^E\ +l ){E\-{ - q^E^) 

= E ^-q-^ 

and 



= (E l l+1 - q^E^)(E^ - q^E\-{) - (£i±I - q^E\^){E\ +1 - q^E^) 
= E l - l ~q- 1 E\-\ 
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Hence we can say that for both odd and even m, 



a i-u - h j -q %T> 
a iT=r- L —-q L i ■ 

Now that we have a formula for a t j and cr t _ij that hold for any m, we can use the general 
form of the inductive relations to calculate the remaining values of aq. First we find for 
all i < I, remembering that 

&ji = E{- q j ~ i+1 El, 1 < j < i < I. 

Then 



= au-i&^xi - q 1 a l _ 1 - l au-u i<l-l 
= (El, - g < - ,+2 £| =r )(£f- 1 - q^E^) 

-q [hj -q hj-f^h^-q ) 
= E;-q i+l - m+1 El, i<l-l. 



Similarly, 



<% = °ii=i°T=ij - q 'win. j<i-i 

= (E l — - q^Ei-^Ef 1 - tf- l + 2 E{_ x ) 

~ q-'iE^ 1 - q^El^E^ - q^E^ 1 ) 
= El-q j+l - m+1 Ei, j<l-l. 

3 I J ~ 

Now we evaluate the remaining operators of the form ag, using the formula for ajj derived 
in Section E21 together with a^. We find 
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q -(?i,*j)(E* - q i+l ~ m+1 El)(El - q j - l+1 Ej 



- q-\E] - q ] - l+l Ei)(E\ - q l+l - m+l E\) 

-(si,ej) _ i+j-m+1 j^j 



i,j < I- 



Hence we have shown 



a Cj = q-^Ei - q^J-^Ei, 1 < i, j < I. 



(5.7) 



5.6 Calculating a 



Next we construct the remaining odd operators, and a j. These are easily calculated 
from the operators derived earlier. We simply combine our previous results for and a-j-^, 
using the unified form of the relations (JH.14j) . They tell us that for any j ^ i, 1 < i, j '• < 
I, 1 < // < k, 



Substituting in the values found in Sections 15.41 and IS~5l we find 



= {Ei-q^- m+1 El){E^+{-lYq k ~^E^ 

- q~ l {El + (-lYq k -^E^)(Et - q i+ i~ m+1 Ei) 



E^+t-iyq 1 -™^-^?. 



Similarly, for any j ^ i, 1 < i < I, 1 < fi < k we obtain 
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= (E? + (-l)V~ M+2_i £j)(£| - q l+j ~ m+1 Ef) 

- q-\E( - q l+j - m+1 Ef,(E^ + (-l)/y~ M+2 ~ J eI] 

Thus in terms of the graded-half sum of positive roots we have 



a 



Ejj + (-l)"g^V- e *)- 1 £^, l<i<l, 1 < fi < k 



and 



(5.8) 



a 



- = £f + (-i)^^-^ +i 4, i < i < i, i < /x < *. 



(5.9) 



5.7 Calculating cr^ 

The only operators yet to be calculated are the a^ v . As with <7 it is a straightforward 
piecing together of values of that have already been determined. In this case we use the 
results for from Section I5~4l together with those for a iv from the previous section. 



Using relations (|3.14j) . we obtain for all 1 < /i, v < h 



Ki<l 



v ^i—m+k—v j^v 



+ q -\Ei+{-iy q 



v i—m+k—v J7iv\ 



ft k—fi+2—i rpi 



Thus, completing the generators for the i?-matrix, we have 



Onv = q 



< 5 ^Et + (-l^+^O^-W-i^ l<fi,u<k. 



(5.10) 



69 



5.8 Solution for the R- matrix in the Vector Represen- 
tation. 



In this chapter we have calculated the explicit solution for all the &i, a , > e a , in the vector 
representation, which form the basis for the i?-matrix. Looking over equations (|5.1j) through 
to (|5.1()jl we can see a general form for ab a , namely 

O ha = q-^E b a - (-l)ma] + [b]) Ubq (ea,e a ) q ( P ,e a -e b ) E ^ £& > ^ 

Thus we have shown the .R-matrix for the vector representation of U q [osp(m\n)], R = (it <g> 
tt)TZ, is given by 



R = q 



hj®hi 



I ® I + (q - q- 1 ) ® ha 



where 



a ba = q -(.^,e b ) E b _ (_ 1 )[b](N+[6])^^ g ( £a , £o ) ? (p, £a - £i ,) £; a 

This can be written in a more elegant form. Recall that the ansatz for R can also be written 

as 



In the vector representation, this is equal to 



R = Y^q {£a ' Eb) E a a ®E b b + (q-q- 1 ) ^ (-1)^ ® a ba 



a.b 



£b>£a 



in terms of generators 



= E b a - (-l) ma]+[b]) £ a £ b q( p ' £a - £b) El 
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Hence we have the following result: 

Theorem 5.8.1 The R-matrix for the vector representation, R = (tc <g> ir)TZ, is given by 



R = J2 q^E a a ® E\ + (q - q^ 1 ) £ (-1)^ ® a 6a , 

a,6 £(,>£a 

u>/iere 



<x fea = - (-l)M(W + [ 6 ^a6g (p ' et! " e6) £k a , e b > e a . 



We can also explicitly find the opposite R- matrix R T , using 



From equation (|4.12j) on page 0^ we have: 



R T = J2 E a ® ^ + (9 - ^ (-l) W ^a ® 

where 

= (-l)W(W+W)^t„ £a < £6 . 

Set cr ab = <7 o6 <^a for e a < e 6 , so 



Cab 



(_l)[6]([a]+[6])^ ( ^ a) t 



»[6]([a]+[6]) 5 t 



6a 



— J^a _ f_l^[a]{[a]+[b])£^ b q{p,e a -e b )gb^ 

Hence we have the following result for R T : 
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Theorem 5.8.2 The opposite R-matrix for the vector representation, 
R T — (it <S> k)1Z t , is given by 



where 



R T = Y^q^El ® E\ + (q - q~ l ) ^ (-l)W^ ® a ab , 

a,b £i,>£a 



a ab = E a b - (-l)m^]) Ubq ( P ,e a -e b ) E ^ 



These formulae for R and R T on the vector representation agree with those given in [36]. 
In that thesis the .R-matrix for the vector representation was calculated using projection 
operators onto invariant sub modules of the tensor product. The greatest advantage of the 
current method is it gives a straightforward way of constructing a solution to the Yang-Baxter 
Equation in an arbitrary representation of U q [osp(m\n)]. 
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Chapter 6 

Casimir Invariants and their 
Eigenvalues 

The Lax operator can be used not only to construct solutions of the quantum Yang-Baxter 
Equation, but also to find families of Casimir invariants. These are an important tool for 
understanding the representation theory of the superalgebra. After constructing the Casimir 
invariants we can use properties of the root system to calculate their eigenvalues when acting 
on an irreducible highest weight module. 

In this chapter we do exactly that, basing our method upon that used in [4] and [43] for 
the classical general and orthosymplectic superalgebras respectively. This was adapted in 
[33] to cover the quantum superalgebra U q [gl{m\n)]. Although the concepts are much the 
same as in those cases, the combination of the g-deformation and the more complex root 
system of U q [osp(m\n)} makes the calculations in this chapter substantially more technically 
challenging. 

6.1 Casimir Invariants of U q [osp(m\n)} 

Before constructing the Casimir invariants we need to define a new object. Let h p be the 
unique element of the Cartan subalgebra H satisfying 
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oti{h p ) = (p, Oii), Vc^ G If*. 

It is also convenient to define a new operator d by 

d = (ir ® id)A. 
Then from [53] we have the following theorem: 

Theorem 6.1.1 Let V be the representation space of tt, an arbitrary finite dimensional 
representation of U q [osp(m\n)] . IfTE (End V) ® U q [osp(m\n)] satisfies 

d(a)T = Td(a), Va G U q [osp(m\n)), (6.1) 

then 

C= (str (g)id)(7r(g 2 ^) ® J)r 
belongs to the centre of U q [osp(m\n)}. Above str denotes the supertrace. 

Now choose 7r to be the vector representation. Recalling that an i?-matrix satisfies 

KA(a) = A T (a)TZ, Va G U q [osp(m\n)], 

it is clear that 

d(a)R T R = R T Rd(a), Va G U q [osp(m\n)}. 
Hence if we set A G (End V) (g) U q [osp(m\n)} to be 

_ (# T # - I g Q 
(g-g- 1 ) 

the operators A' will satisfy condition (jfi.lj) for all non-negative integers Z. Thus the operators 
Ci defined as 
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Ci = (str <g> id)(7r(g 2 ^) <g> I) A 1 , I G Z+, 

form a family of Casimir invariants. Here A coincides with the matrix of Jarvis and Green [24] 
in the classical limit q — > 1, as do the invariants C/. 



Now write the Lax operator R and its opposite R T in the form 



R = I®I+(q-q- i ) E a b ®Xl 



e b >E a 



R T = I®I+(q-q- 1 ) El®X h a . 



In terms of the operators & ba , this implies 



q h zg -I 

q-q- 1 ' 



Writing A as 



(-l) [ V e »*&a, 

(-l)Wa ba q h *», 
A = Y J E a b ®Al 

a,b 



a = b, 

£ a < £b, 
e a > e b . 



we obtain 



K = (1 + <f?)X a 6 + (Q ~ q~ V ) E (-l) ([a]+[c])([6]+[c]) X a c X c fc 
This produces a family of Casimir invariants 

a = E(-i) [a v 2A£a ^ (o :> 

a 

where the operators A® b a are recursively defined as 



A (l) b = ^(_l)([a]+[c])m+[c])A( l - r > C A 



(6.2) 
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6.2 Setting up the Eigenvalue Calculations 



Now that we have found a family of Casimir invariants, we wish to calculate their eigenvalues 
on a general irreducible finite-dimensional module. Let V(A) be an arbitrary irreducible 
finite-dimensional module with highest weight A and highest weight state |A). Define ta to 
be the eigenvalue of on this state, so 

Once we have calculated t a we will use the result to find the eigenvalues of the Casimir 
invariants C\. 

To evaluate t a l \ note that if > e a then A^ a is a raising operator, implying A® a \A) = 0. 
Thus from equation (|6.2|) we deduce 

aA> = e i} aA> + £ ( 

£a<e b 

=r i} 4 i} iA)+E( 
=e i) 4 i) iA)+E( 

Now we know that 

A l d{X£) = d{X*)A l . (6.3) 

This can be used to calculate A® a X%\A) for e a < First we need an expression for A(X£). 
The i?-matrix properties give 



-l)l*]+WAQ-V b a At\A) 

_i)H+m A a-i)» [ Xt + {q _ g- 1 )^:] | A) 

_l)N+W g (A^.) A (i-i)^ 6 B |A). 



(A <g> J)i? = ^3^23 
(/ ® A)R T = R^ 2 R^ 3 . 



In terms of X^ - , this implies 
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I <g> / <g> J+(g - (T 1 ) ^ ^ (8) A(X 6 a ) 

£a<£fc 

= (/(8)/(8)/ + (g- g- 1 ) ^ f£ <g> X 6 a <g> /) 

£a<£6 

x(/<g>J<g>J + (g- g- 1 ) ^ ^ <g> I (g) X 6 a ) 

£a<£f, 

= I®I®I + {q- q- 1 ) K ® W ® J + J ® 

£a<£fj 

+ (<?-<r 1 ) 2 (-i) ([al+[cl)([61+[cl) £>x 6 c ®x c a . 

£a<£c<£ft 

Hence for all e a < e b 

A(X 6 a ) = X 6 a <g> / + J <g> X 6 a + (g - g" 1 ) (_i)(M+[c])(W+[c]) X c x « 

£a<£c<£6 

We also need an expression for 7r(X%) for e a < e b . At the end of the previous chapter we 
found that the generators for R T in the vector representation are given by 

v ab = o ah q h ^ = El - (-ljWCW+W)^^.-^)^* £a < eft . 
From this we deduce that 



n{X a b ) = {-l)^^a b q hea ) 

= {-l) [a] E a b - {-l)^U h q {p ' £a - £b) El e a < e b . 

Also, we know 



vr(X a a ) = (g-g- 1 )- 1 7r(g^-/) 

= (q-q- 1 )-\q^ (E «- E ^-I). 

Applying these, we find that if e a < e b then 
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d(X a b ) = (7T ® /) A W) 

= vr(X°) ® (/ + (q - q^)X a a ) + (l+(q- g" 1 )^!)) ® X 6 ° 
+ (g-g _1 ) E (-l) ([a]+[c])([fe]+[c] V(X fe c )®X c a 

= ((-i) w £ 6 a - (-i) [a][6] ^g (p,£a " ei,) ^) ® g** + g^' e »)^-4) <g> x 6 a 

_|_ (g _ g- 1 ) (_l)(M + [c])([6]+[c]) 

£ a <e c <£i, 

x ((-i) [c] E b c - (-i) M[c] ^ c g (p ' £c " £b) ^I) ®x a c - 

Substituting this expression into equation ()6.3|) and equating the (a, b) entries, we find 



{-l) [a] A {l)a a q h ^ - 5l(-l) [a][b] Ubq ip ' £a ~ £b) A( l)a a q h ^ + q {E »' Eb) A^ a X^ 
+ {q-q- 1 ) E ((-l) lc] AKx?-5 b ,(-l)W%^ 

Sa<e c <Sb 

-(g-g)- 1 ^ E (-i) [61[c] to (p ' £c - £6) ^ (0 t 

£a<£c<£6 

Simplifying gives 



(_iya] + [b] q (e a ,e b ) x a A (l)^ _ q (e b ,e b ) ^l^a 

= ((-l) [a] -5£g (p ' £a - £b) )g^(^ (0 a- A®\) 

+ (g-g -1 ) E ((-i) [cl -4g (p ' £c " eb) )^ (0 X a 
+ (g-g~ 1 )<5f E (-i) [6][cl to (A£c - £b) ^ c a ^?- 

Ea<£c<£fc 

Remembering that e a < e^, we apply this to the highest weight state |A) to obtain 



- q {£b > £b) A {l)b a XZ\A) = g ( A > 6 «0((-l)M - 5£g 2(p ' £a) )(^ } - f<°)|A) 

+ E ((-l) [cl -^ 2(p ' ec) )^ (0 X a |A). (6.4) 

E a <£c<£b 
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The next step is to calculate A® a X£\A) for e a < Sb- It is first convenient to order the indices 
according to b > c <=>■ ej, < e c . With this ordering we say an element a > if e a < 0, a = 
if e a = 0, and a < if e a > 0. Using this convention, it is apparent the solution to ()6.4j) will 
be of the form 

A (l)b a XZ\A) = q^\-lp J2 - *?)|A>, (6.5) 

a>c>b 

where a^ c is a function of a, b and c. Now from equation ()6.4j) we have 

a>c>fc 

= -g^U«^|A> + (g - q- 1 ) E 4<r 2(p ' £b) ^ (/) Xl A > 

a>c>fe 

_ (-l)Hg( A ^)(l-^(_l)Wg 2 (P^))(tW -4 )|A) 
= -g(^+i^+i)A (i) ^ +1 X 6 a +1 |A) 

+ (<?-<T 1 ) E 4 +1 g- 2( ^ ft+l) A«X a | A ) 

a>c>b+l 

- (_l)Wg(^-)(l _^l(_l)W^-))( t (0 -^WJIA) 

+ (g-g- 1 )(-i) [6+1 U«: +1 x 6 a + i|A)- 

Substituting in the form of the solution given in equation ()6.5|) produces 

^• £ft) E «£i(*P-*?)l A > 

a>d>b 

= (g(«H-i^i)-( ff -g-l)(-l)^]) J] < + l d (^-4°)|A) 

a>d>6+l 

-(1 - ^(-l)W ? 2 ^))(t« -4°)|A> + (1 - ^(-l)Mg 2 ^))(t« -C)|A) 
E &- 2M E «5„(*i°-*?)|A> 

a>c>b a>d>c 
a>c>6+l a>d>c 
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Set 



Then from equation ()6.6|) we obtain 



abb = —q 



-(Sb,Sb) 



and 



a bb+ i = q 



-(Sb,Sb) 



-(£b,£b) 



( g (e b+1 ,s b+1 ) _ (g _ g -l)(_l)[6+H)« 6+16+1 + 1 

+ (g-g- 1 )<fe-g- 2( ^ 

((g _ g- 1 ^ — !)^ 1 ! _ g(£b+l^b+l)^-(£b+l,eb+l) _|_ I 



a- 



bb+l 



(q - q -^_ q -^) q '(e b+1 ,e b+1 ) 



q-(e b ,e b )-(E b+1 ,e b+1 )^q _ g-i^ ^_^[b+i] _ fib ^-2( P ,e b )y 



To simplify this expression note that q 2 (P' £ b+i- £ b) = q-( £ b , £ b )-( £ b +i, £ b +i) j n a \\ case s except for 
[b] = 0, b = I, m = 21, in which case q 2 ^ £ b+i- £ b ) = q 2q-(e b ,e b )~(e b+1 ,e b+1 ) _ However [b] = 0, b = 
I, m = 21 if and only if = 1, and in that case we find dbb+i — 0. Hence for all values of 
b we can write 



a bb+ i = (q - q-^M ((-l^q 2 ^^ -5^). 

Now that we have found dbb and atbb+i, they can be used to calculate the remaining dbd- 
From equation ()6.6|) we observe that if d > b + 1 then 



a bd = q- (£b ' £b) (q^W+J -(q- q-^-l^^db+id 
+ (q- q-i) q -M £ 5*q-^d- hd 

d>c>b 

- (q - q- l )q~ {£b > Eb) 4 +1 g _2(Aeb+l) a6+T ( 

d>c>b+l 
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x < y, 
x>y, 

a bd = q- {£b ' £b) - (g - g- 1 )(-l)t 6+1 ])a 6+ i d 

+ (g - q-^q-Mtftec) (9 bc 9 cd+1 5 b ^ - 6 b+lc 9 cd+1 5l +l )a cdl d > a + 1. 

Now consider a bd for any b > I. Both 6^ and ^ b+1 ^jrf will equal 0, so 

a bd = q-M( q ^ + ue b+ i) _ (g _ g^X-l)^)^, 

= g -(w) g -(e i +i I en-i) SH1(j 

= g 2(fte5+1 - £6 Wid- 

Since 

a d _ ld = (-l) [d] (g -q- 1 )^-^, 

we obtain 

= (-l)M(g - g -i) g 2(p, £d - £6 ) ; d>b>l. 
Substituting this together with our expression for into equation ()6.7|) . we find 

a bd = q -M{q-^ + ^) _ 5 {g(g _ g- 1 ))^, 

-{q - q- 1 )q-( £ ^q-^^q 2 M(S E d - df 1 ), d>b + l. 



Remembering that 9 xy was defined by 




this can be rewritten as 
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But for d > b + 1 



9bb®bd ~ Ob+lb+l^b+ld — fil^ld ~ fid^bl 

= - 5f) - 55(1 - 5\) 

= $ - 4 

Also, -[(-l) [d] (g - q- 1 ) + q-( £ ^d)^b _ _ g ( e<i ,e d )£F go equa ti on (jg^D reduces to 

a M = (g^x-^-afc _ _ q -*))a b+ld + $q-\q - q~ l f{~l)^q^ 

~ $l(q - q~ l )q 2{p ' £d) + Spiq - q~ l )q 2 ^+^) g~ 25 £+Tg 2 (^) 
= (q 2 ^-^q- 2S hr - S^q-\q - q' 1 ))^, + fiq-^q - q' 1 ) 2 {-l)^ q 2 ^) 
+ (q-q- 1 )q- 2 ^\5f I -6l), d>b + l. 

Recall that for b > I we have 

a 6 d = (-l) H (g-?" 1 )9 2(p ' ed " ei) . d > 6 - 

Then when b = I we find 

a M = (g 2 (^+i-^)g- 2<5 fci - ^g-^g - g^ 1 ))(-l) [d] (g - g-i)g 2 (^-^+i) 

+ q~\q - g _1 ) 2 (-l) [dl g 2(p ' £d) - (g - g _1 )g~ 2(p,£6) 4 
— (_1 )M( g _ q-^\qKp£d-zb) 

5 ^i l ~ (9 - ff" 1 ) + fa - 'T 1 )) + fe(T 2 + g^g - <r^ 

_( g _ g -l) g -2(m) 5 T 

= (g_ g -l)g-2(^)((_ 1 )[d] g 2(p l£(i ) _ g£ 

for all d > b + 1. Comparing this with our earlier results for d = b + 1 and b > I, we have 

a M = (g - g- V 2(p * £b ^(-l) [ V (A£d) - 4), Vb>l,d>b. 
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But for b < I we know 

a bd = q 2 ^~^a b+ld + (q - q'^q'^iSf 1 -6% d>b+l. 
Hence for all b we obtain 

= (q- q- l )q- 2 ^ £b) ((-l)W q 2 M -Sf), d > b. 

Thus for all a > b 

A®\XS\\) = q^\-\)M £ < C (^-4°)|A), 

a>c>6 

where is given by 

{- q -(s b ,s b )(i _ <J«(-l)[ a ]g 2 (P. e «)), C = 6, 

_ 
( ? _ ? -l) ? -2(^6)((_l)[c] ? 2(p, £c ) _^( 1 _ 5 a(_ 1 )[a] ? 2(p, £o )^ c> ft 

6.3 Constructing the Perelomov-Popov 
Matrix Equation 

This expression can now be substituted into the equation 

£a<e b 

to find a matrix equation for the various t$ . The matrix factor is an analogue of the 
Perelomov-Popov matrix introduced in [40] and [41], which has been used to calculate the 
eigenvalues of the Casimir invariants of various classical Lie algebras. 

First recall that 
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A b a = (1 + 5i)X b a + (q- q~ l ) (-l)^ + ^ + ^X b c , 

c>a,b 



where 



q h ^-I 
q-q- 1 ' 



-l) [b] h a q hs »; 



a = b, 

£ a < ?b, 
e a > Eh- 



Then 



^|A) = 2X a a |A) + (g-g- 1 )X a «X:|A) 

= (g-g- 1 )- 1 (2(g^-l) + (g^-l) 2 )|A). 



q-q 1 



Hence we obtain 



t (o _ (<z 2(A ' £a) ~ V d 
a ~ (g-g- 1 ) a 

+ ^ ( _ 1) w + M g (A^ (g (A, a ) ( _ 1) H ^ ^r^-e^)) 

b<a b<c<a 
( g 2(A, £a ) _ 1} 

c<6<o 

(( _ 1) ^ 2 (^)_^ )(e i)_^-D ) . 



+ (q ~ q'^q 2 ^ (-1) [C] ?" 2(P * £C) (1 " 



Now consider the function 7 b defined by: 
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We evaluate this for all b, labelling C(A ) = (Si, S 1 + 2p) = m — n — 1 and remembering that 

1 1 1 k 



i=i 



First we consider the case [b] = 1 and b < k. Here 7& is given by 



7b = -9-(?-?-V (B - ,n+a - a) E9 B " 

= _ g _ (g _^l )(g 2_ ir l (g2b _ g 2 ) 



m+2-2e 



(_l)M g 2(p >e6 ) g -C(Ao)_ 



For [6] = 0, b < I, we obtain 



7s = 9"' - (9 - ^ 1 )« m ~ 2 ' (9 2 - irV~ m - 9"""' +2 



)+ E " 

£i>e c >e 6 



2c— m 



g-1 _ g-l(g2-2fe _ g n+2-26 + j _ g 2-26 } 
(_l)W g 2(p,e 6 ) 5 -C(Ao)_ 



In the case 6 = / + 1, m = 21 + 1, we find 



76 = 1 - 9 -1 (-? n " m+2 + g 2i+2 - m ) 
( ]g2(p,e 6 )^- 



(_l)Mp2(/>--,,), -f, V„) 



If [b] = and 6 > / then 



lb = q 



(q - q- l )q 2l - m (q 2 - l)-i(^+2-m _ g n- m+2) + (m _ 2 /) + ^ g" 8 "^ 



b>i>l 



+ (q- q-^q 2 ^) 



= ~ g-l g 2b- m ^2i+2- m _ g n~ m+ 2 + g m-26 _ q m-2l + ( m _ 2 /)( g 2 _ ^ 

+ (q~ q^q 21 '" 1 

= q' 1 ~q~\^- q n-2m+2+2E^ + (g _ g-l)(g26-m _ ? 26-m) 
= (_l)M g 2(p,e 6 ) 5 -C(Ao)_ 
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Lastly, when [b] = 1 and b > k we find 



lb = - q + ( q - q- v )q n - m+2 - 2l Yq 2 - l)'\q m - q n ~ m+2 + q 2 - I) - ^ g«»-n-2+2cj 

f»e>fe 

_ (g _ 5 -l) 5 n-m+2-25 

^ _|_ ^— l^n— m+2— 26^m ^n—m+2 ^m—n+2k _|_ ^m— 

_ _q2n-2m+3-2b 

= (_l)W g 2(p,e 6 ) 5 -C(Ao)_ 

Hence for all 6 



7fe = (_l)Mg2(P^)g-C(Ao) 

We also consider the function 



ft = l - (g - g" 1 ) J>(i - ^(-i)W^-)), 



6<a 

so that 



(6.9) 



b<a 

As before, we evaluate this by considering the various cases individually. Firstly, for [a] 
1, a < k we find 



/3 a = 1 + (q - q- 1 ) J2 q 2b - 2 + m - n q n ~ m + 1 

b<a 

l/2a—2+m—n m—n\ n—m+l 



= i + q~ (q 2a - 2+m ~ n - q m - n ) q 

_ (Sa,2p+Ea)-C(A ) 



Using this, when [a] = and a < I we obtain 
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Pa = q 2(k+1) - 2 - (q - g^ 1 ) £ 

a 

— q n — q~ 1 q n ~ m+1 (q m — g m - 2a + 2 ^ 

(ea,2p+e a )-C*(A ) 



In the case a = / + 1, m = 2/ + 1, we find 



a _ _m-2(J+l)+l ra-m+1 
Ha — H H 

_ q(ea,2p+e a )-C(Ao) 

For the remaining values of a, we consider the cases m = 21 and m = 21 + 1 separately. 
Firstly, take m = 2/. Then for [a] = 0, a > 1, we obtain 

& = 5 m-2( J+ l)+l 5 -C(Ao) + (g _ g-l)^,*.) _ {q _ ^-1) |^ 5 26-m 5 -C(Ao) 
= g-^Jfg" 1 + (g - g" 1 ) - g^g 2 ^"™ - g 2 «+ 2 — )] 

_ (£„,2 / 0+£ )-C(A ) 

y ) 

whereas for the remaining odd values of a, namely a > k, f3 a is given by 



Pa = q-^iq- 1 ~ q-\q 2 - q 2 ' m )) ~ (? " ^h^'^ 
+ (g-g" 1 )i^^ m+2_2 V C(Ao) 
= g-^oJfg" 1 - g- x (g 2 - g 2 ~ m ) + (g - g" 1 ) + q -\ q n-m+2-2a _ q 2-m^ 

_ q(e a ,2p+£a)-C(A ) 

Now consider m — 21 + 1. If [a] = and a > / + 1 then 
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o-l 

C(A ) 



& = g" c ( A °) - (g - q-^q- ^) + ( g _ g- 1 )^ 2 ^) _ ^ g 26-m ? 

6=1 

= g- c ( A »)[l - (g - g- 1 ) + (g - g" 1 ) - g~ V +2 ~™ - g»™)] 

_ n (ea,2 P +e a )-C(Ao) 



For the remaining case of [a] = 1, a > k, we find 



(3 a = q- C ^[l - (q - q- 1 ) - q-\q - g 2 ~ m )] ~{q~ '/"W^ 

a-1 

m+2-26 -C(Ao) 



+ (<?-<T 1 ) 

b=k 

= q^ Ao) [l - (q - q- 1 ) - q-\q - g 2 ~ m ) + (g - g" 1 ) + q -\ q n-m+2-m _ q 2-my 
Hence (3 a is given by 

P a _ q (e a) 2p+e a )-C{k ) 

for any a, regardless of the parity of m. Substituting this result together with that for 7^ 
into equation ()6.9|) gives 



+ ? (2A, £t ,)-C(A ) ^(_l)Wg( 2 P.^)(l _ 5|(-l)Hg( 2 ^))^ _1) . 



6<a 

This can be written in the matrix form 

where M is a lower triangular matrix with entries 



a < b 



M ah = < (g _ (? -l)-l( (? (£a,2A+2p+e a )-C(Ao) _ ^ 
? (2A, £a )-C(A )^_ 1 )[6] ? (2p, £i ,) _ 



a = b, 



a> b. 



Then we have 



t(0 = MV°\ where *(°> = 1 Va, 



where M is an analogue of the Perelomov-Popov matrix. 

6.4 Finding the Eigenvalues 

This matrix equation for t^} can now be used to calculate the eigenvalues of Cj. Loosely 
speaking, the problem reduces to diagonalising the matrix M. As with the earlier calcula- 
tions, the g-factors from the g-deformation and the (^-functions arising from the root system 
make this somewhat more difficult than in the classical cases studied in [4] and [43], and also 
than in the case of U q [gl(m\n)] [33]. 



Recall 




a 



Denote the eigenvalue of C\ on V(A) as Xa(Cz) 



Then we have 



xa(G) = £(-i) [ V p ' £o) ^ 



a 



To calculate this we wish to diagonalise M. We assume the eigenvalues of M, 





are distinct. Then we need a matrix N satisfying 
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(N-'MNU = 5%a A , 

which implies 

Xa(Q) = Ysi-^V^iutYN^N- 1 )^. 

a,b,c 

Now 

(MN) ab = a A N ab . 
Substituting in the values for M ab gives 

a k a N ab + g(^)-^o) ^((-l)Hg(^c) _ 5 a )Ncb = ^ 

c<a 

Since the eigenvalues a A are distinct, this implies 

N ab = 0, Va < b. 

Set 



Pa6 = ^(-l) [c] g (2p ' £c) iV cb . 

c<a 

Then equation ()6.11|) becomes 

(a A - a A )N ab = q^- c ^P a _ lb - eU 2 ^ a) - C{k0) N- ab 
=> (af - at)(-l) [a] q(- 2p ' £ «\P ab - P a -i b ) 

which simplifies to 



q,- - a A + (-l)[ a ]g 2 ( A +A£a)-C*(A )^ Q 0a (_iya] q 2(A+p,e a )-C(Ao) 
ab 7 A 1C\ Pa— lb 
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Set 

^ a = a ^-at+(-l) [a] q 2{A+P ' £a) - C(A °\ 

so this becomes 

Qf_i\[a]q2(A+p,e a )-C(Ao) 
Pab = I A a A\ Pa - lb 7~K AA N ab- (6.13) 

Without loss of generality we can choose N aa = 1 Va, so P bf) = (-l)[ b ]g 2{p ' £b) . Then in the 
cases > a > b and a > b > the last term in equation ()6.13|) vanishes, giving 

a 



Similarly, for a > 6 > we obtain 



c=6+l 



It remains to find P a & for b > a > 0. In this case, the last term in equation (jfi.lHj) contributes, 
giving 



_ _ _ _ 7 /,6 C_1 Ma] 2(A+p,e a )-C(A ) 
P«6 = (-ljV^ I! r^^Y- / A A, ^ 



^ (-l)b-] g 2(A + p, ej )-C(Ao) ° ^ 

5 — i^W) — ^ n.R^jy (6 - 15) 



Recall that if 6 < a < 0, then 



? (2A,£ a )-C(Ao) 

Nab = ~m — av~ p a-ib 



. 1 ^[6] g 2(A,e«)+2(p,ei)-O(A ) ^ 



Substituting this into equation we find 
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p- bb =(-i) [ v p ' £b) n 



4 



;_i)Mg- 



2(A+p,et,)-C(A ) 



c=b+l 



6-1 



(_l)[i] + M g 2(p, £j + £f) )-2C(Ao) ^,6 
— cv i J- J- 



A _ ^,A) 



n 



(a A - a A )(a: A - a A ) c=fe+i VLtfe - ^ c , VLtfe 



n ; ; - m m (a A - a A )' 



which can also be written as 



c=b+l 



..A ^A^ 



_lj[b] q 2(p,e b ) _ 
6-1 

-E 



-1)% 



n 



(«6 A " 



2(A+p, e6 )-C(A ) b 
A~ 

6 ' c=6+l 



!,_J / _l)bH-[&] ? 2(p,£ 6 + £:/ )-2C(Ao) J ,■•„ \ ,,\ 



n 



(_l)M g 2(p,e 6 ) _ 1 



3 c=j 



-2C(A ) f '- 1 f„ A „.\ 
r b Y b c=b+ i 



(-l)b-] + [6] g 2(p, e6+ej )-2C(Ao) («A_ a A) 



3=1 



3=1 



c=j+l 

_l)[i] g 2(p, £j )-2C(A ) (oA-oA) 



n 

c=j+l 



(6.16) 



From this point we will consider the case m = 21 + 1. This is marginally more complicated 
than the case with even m. 



Define to be 



3-1 



(a 6 - a c )(a fe - etc) 



6„/,6 



c=Z 



(a b - Q!j_i)(q! 6 - <^y) 



$ 6 n $- = 1 



Then can be written as 



Pi 



bb 



n 



«6 - «0 



E 

j'=I 



.I)b1 g 2(p, £j )-2C(A ) ^ 

i/> b i/4 j 

•7 3 
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Note that for c ^ 0, 



„-C(A ) 

^ = _1 _^ q (e b ,2p+2A+e b ) _ q (e c ,2p+2A+e c ) + ( g _ [c] ? ( £c ,2p+2A)^ 

„-C(Ao) 

= J* /" (? ( £i) ,2p+2A+ ei ,) _ (? (e c ,2p+2A- £c )\ 

(q-q' 1 ) 

q -C(A ) ^b 
(q - q- 1 ) ' 



where 



llj b = g(e b ,2p+2A+s b ) _ q (e c ,2p+2A-e c ) 

So 



E 

3=1 



-l)[i]g2(p, £j )-2C(Ao) 



* (-l)M(q - o-i)o2( P , £j ) 

3=1 



(9 - t 1 ) E 



(g 2 (£j:£j) _ l)g2(p,e i )-(e j ,e i ) 



(6.17) 



and 



-j+i 



p-2A)N 



for j > I. Now 



(£6,£i,+2p+2A) _ ^(e J ,e J +2p+2A)^^( £ , ) ,e i ,+2p+2A) _ ^(e J ,e j -2p-2A)^ 

= q '2(e j ,e j )^ q (e b ,e b +2p+2A) _ q (e ] -e J +2p+2A)^ q {e b ,e b +2p+2A) _ q -(e j ,e j +2p+2A)j 

_|_ (? 2(e 6 , £i) +2p+2A)^ _ q 2{ej,ej)^ + q2(e j ,e j ) _ j 
= q 2 ( £: > ,£ ^tjj b tjji - (g 2 ( £ f» £ s>+ 2 P+ 2A ) _ l)(g 2 ( £ J' £ j) - 1). 
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Then, for j > Z, 



; ti~ ~ 1 " " / ■■■ l/J'---".'--./-- I i 

$5- (6.18) 



^2(e 6 ,e b +2p+2A) _ ^ |_ ^2(e i ,, £{ ,+2p+2A) _ ^ 



Now for j = b 



(q(e b ,2p+2A+e b ) _ q-(£ b ,2p+2A+e b )^q(,e b ,2p+2A)fq(s b ,£ b ) _ q-(e b ,e b )^ 

q 2 



7 2(p,£b) + (£b,£b) 



( q 2(e b ,e b +2p+2A) _ \\ 

which can be written as 



(q 2 { e j> e i) - l)g2(p,e j )-(£ j ,e j ) q2(p,e l _ 1 )-(e l _ 1 ,e l _ 1 ) 



JjbJjb ( q 2(e b ,e b +2p+2A) _ jN 

Yj Yj 

when b < I. Hence equation (j6.18|) can be used to pairwise cancel the terms in the sum in 
equation (j(117j) . Adding the first two terms (j = b, b — 1), we find: 



? 2(p,£ E _ 1 )-( E ^_ 1 ,e 5 _ 1 ) 



g 1 (g 2 ^ 6 ^ - iU 

( g 2( £6 , £b +2p+2A) _ X ) ^ $ ^1 6- 1 



. , , „ 2 ( £ b -i> e b-i) 

a 2{ P ,£ b _ 1 ) - {e b _ 1 ! ) y (Rfe 

y (g2( £b , £6 +2p+2A) _ 1) 6-1 



^(p,£ b - 2 )-( £ b -2' £ b-2) 



(•g2(et,,e 6 +2p+2A) _ ]_) 6-1" 

Continuing to apply equation (J6.18|) in this manner gives 



^ (g 2 ( e J' £ j) _ l)g 2 (P.£j)-(£j.^') g2(p,£ T )+(e h e;) 



2Z+l-m 

(6.19) 



( (? 2( et ,,£ i) +2p+2A) _ ]V 



Hence in the case m = 21 + 1 
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[b] n 2(p,e b ) 



4 



(q-q- 1 ] 



la b -a ( q 2(e b ,e b +2 P +2A) 11 ( ft A _ ft A) 



n 



C=i)+1 

c#0 



By substituting in the formulae for ijj b c and we obtain 



^(-lW^fi + Cg-g- 1 ) 



g(e b ,e b +2p+2A) _ ]_) ( (? 2(£ i) ,£ b +2p+2A) _ ]_) 



11 ( a A - a A ) 



1 + (g - g- 1 ) ' 



(e 6 ,E 6 +2p+2A) 



( (? 2(£ 6 ,£ i ,+2p+2A) _ n 



n 

c=6+l 



/^(£i,,2p+2A+e 6 ) _ ^(£ c ,2p+2A-e c )^ 
( (? (£ 6 ,2p+2A+£ i) ) _ g(e c ,2p+2A+£ c )) ' 



and thus for a > b > 



P 



ab 



9 



(E 6 ,£(,+2p+2A) 



^2(e b , £fl +2p+2A) _ ]_) 



« ^(e 6 ,2p+2A+£ b ) _ ^(e c ,2p+2A-e c )^ 
^(e b ,2p+2A+e i) ) _ ? (e c ,2p+2A+e c ) V 



n 

c=6+l 



Similarly, we find from equations (|6.14|) . ()6.16j) . (J6.17)) and 1)6.19)1 that if m is even then 



ab 



2(p,£b) 



q{q-q 



fq(e b ,2p+2A+e b ) _ ( j(e c ,2p+2A-e c )\ 
^2(£ b ,£ 6 +2p+2A) — 1)J 11 (g(£ b ,2p+2A+£ b ) _ g(e c ,2p+2A+e c )) 



n 



for a > b > 0. Hence we have found expressions for P ab for all a, 6 satisfying a > b > 0. 
At the end of the chapter these, together with the earlier results for P ab , will be used to 
calculate Xa(Ci). 

Now we return to our diagonalising matrix N. We know 



ab ■ 



95 



Substituting in the values for M ab gives 



atiN-'U + (_i)H g (^)-c(Ao) £ g 0V„)(i _ 5|(-l)Mg- 2 ^))(iV- 1 ) ac 

Oft 

= «^(iV- 1 ) afc . (6.20) 

Set 



e>6 

We now solve for Q ab , using a similar method as for P ab . Once we have an expression for 
Qau=i the calculation of xa(Cj) will be straightforward. Firstly, from equation ()6.20|) we 
have 



(<xt-at)Q- 2{A ' Eb) (Qa b -Q ab+ i) 

= (-i)V p ' Eb) - c{Ao) Q ab+ i - ewq-^-^HN-'u. 

This gives the recursion relation 



la A_ a A + ( _l ) M g 2(p + A, £ft )-C(A ) ) ^ g W g- g ^) ^._,, 



But (N" 1 )^ = for all a < 6, and iV aa = 1 =>■ Q aa = g 2 ( A > £ «) for all a. Thus for < 6 < a 
and 6 < a < we have 



Q ab = g 2(A ^ n ' 

C= b 

Similarly, for b < a < 



0" 
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Qab Qaa J^J 



Now consider the remaining case, namely a < b < 0, in which case the last term of equation 
(J6.21j) is significant. Then 



Q 



ab 



2(A,£a) 



a-1 

n 

c=b 



at 



-C(Ao) 



ce - at 



ab 



E 

j=b+i 



g-C(A () ) 



j-i 

n 



OA) 



However for a > b > 



ab — f A \ Qa6+1 



(_l)Mg2(A,s„)+2(p, ei )-C(Ao) "li 



Hence we find 



9 



2(A,e a ) 



a-1 

n 



a- 



at 



[at 



-C(Ao) 



a- 



E 

i=o+l 



(_l)[i]g2(A, ea )-2(p, £j )-2C(A ) 



« A )K 



a-1 

n 

c=j+l 



a- 



at 



3-1 

n 



which can also be written as 
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« A - « A ) 



= q 



2(A,e ) 



a-1 

n 



a-1 



= g 



2(A,e ) 



n 



_t(« A -« c A ) 

For odd m this becomes 



5 -2(A, eo )-C(Ao) g ( Q A _ Q A ) 



(« A - « A ) 



' (_l)b] g -2(p, £j )-2C(A ) 7 (q a _ Q A)- 



5 -2(A, eo )-c(Ao) g (c^-c^) 



- E 

j=o+l 



r " c=a+l rc 

(_l)[i]g-2(p,£ 3 )-2C(A ) 



n 



(« a - « a ) 



i - 



' (_l)b1 ? -2(p,^)-2C(A ) 

il) a ih a J- J- 



7 ' 'n A -n;M 



c=j+l 



c— a 



a-1 



= g- 



2(A,e a ) 



n 



c#0 



| (« A - « A ) 



(« A - o 
(« A - « A ) 



-E 



4 )b1 



2(p,e j )-2C(A ) 



Recall that when j > / 



i _fL f 2(ej,£j) _ l^ 2(p,e j )-(e J ,e j ) 

-fa-?- 1 ) £ — $ " 



(g2(e a ,e a +2p+2A) _ 

Also, for j = a > 7 we have 



(g2(e a ,e a +2p+2A) _ ]_) 



^a^a 



(g 2 ( £ J' £ i) _ l)g 2 (P.ej)-fe':£j) 
JJaJa 



^2(e ,e ) _ ]^2(/9,e )-(e ,e ) 



(g(£a,£a+2p+2A) _ g- (e a ,£ a +2p+2A) ^( £a ,2p+2A) ^(e a ,e a ) _ g-(e ,e )) 

2(p,£ a _l)-(£ a _l,£ a _l) 



9 



^2(e ,e +2p+2A) _ 
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Then, cancelling terms pairwise in the same manner as for Pr b , we find: 



« (g2( £j , £j ) _ ]_)g 2 (P^i)-fe^j) q 2l+l- m 

Hence for m = 21 + 1 we have 



Qo 



q 



2(A,s a ) 



l + ^-g- 1 ) 



q 



(e a ,e a +2p+2A) 



a-l 



fq2(e a ,e a +2p+2A) _ 



irJn 



,2p+2A+e a ) 



9 



(e c ,2p+2A-e c )N 



(g(e a ,2p+2A+e Q ) _ g(e c ,2p+2A+£ c ) ) ' 



and for b < a < 



Qa6 = g 



2(A,e a ) 



1 + (g - q 



q 



(e a ,e a +2p+2A) 



a-l 



(Je a ,2p+2K+£a) _ g(e c ,2p+2A-e c )\ 
(,y2ir.,..".,+2/H-2.\) — 1) J II (g(e a ,2p+2A+£ a ) _ g(e c ,2p+2A+e c )) ' 



Similarly, for even m we find 



Qab = q 



2(A,£a) 



g(g _ "| ^ ( (? (e a ,2p+2A+e„) _ ? (e c ,2p+2A-£ c )^ 

(g2(e a ,e a +2p+2A) _ fjj 11 (g(e a ,2p+2A+e a ) _ g(e c ,2p+2A+e c )) ' 



for b < a < 0. This completes the difficult calculations. 



To use these results to calculate Xa(Ci) we introduce a new function Q a b, defined by: 



Q ab = ^(iV- 1 ) 



c>b 



Then from equations (|bMU|) and (|6.12|) we deduce 



XA(Q) = J2( a a) l P,= laQa,=l. 



(6 



However we know 



g2(A, £a ) _ 1 



q-q 



-i 



and 
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b,c 



_ ( n 2(A,e b ) _ 1 ^ _ 



u6 



/„(e a ,2A+2p+e a )-C*(Ao) _ i \ 



(g-g x ) 



Thus, remembering that 



c>6 



we have 



D , - n C(A )-(e a ,2p+2A+e a ) A 

Substituting our formulae for P^ = j a and Q av =\ into equation (|6.22|) . noting that for a ^ 
exactly one of a < and a > is true, we find the eigenvalues of the Casimir invariants C\ 
are given by: 



xa(Q) = ]T(-i) [a V 



] n C(A )-(e a ,Sa) 



fq(e a ,2p+2A+e a )-C(A ) _ -Q 



(g-g !) 



X 



n 



/g(£a,2p+2A+£ a ) _ g(e b ,2p+2A-e b )\ 
(q(e a ,2p+2A+£ a ) _ g(s b ,2 P +2A+e b )^ ' 



where 



( g 2(e a ,e a + 2p+2A)_ 1 ) ) 



/(a) = { 



1 + (g - g 
1. 



-1\ 9 



(ea,£a+2p+2A) 



(q2(e , £a +2p+2A)_ 1 j ) 



m = 21, 

a ^ 0, m = 2/ + 1, 
a = 0, m = 2/ + 1. 



Throughout we assumed the eigenvalues were distinct. If they are not, the calculations 
are more complicated but the result is the same. Thus, summarising the results from this 
chapter, we have found: 
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Theorem 6.4.1 U q [osp(m\n)] , m > 2, has an infinite family of Casimir invariants of the 
form 

Ci = (str®I)(ix(q 2h v)®I)A\ I G Z + , 

where 

(R T R -I® I) 

(q-q- 1 ) ' 

The eigenvalues of the invariants when acting on an arbitrary irreducible finite- dimensional 
module with highest weight A are given by: 



Xa(Q) = J2(-l) [a] q C{Ai,) - M f(t 



- ^(e„,e +2p+2A)-C , (Ao) _ -Q 



(q - g-i) 



x 



n 



^(e ,2 / t>+2A+e ) _ g(e i) ,2p+2A-e i ,)) 
^(e a ,2p+2A+e a ) _ g(£ b ,2p+2A+£ h )y 



where 



/(«) 



(g2(e a ,e £l +2p+2A)_ 1 ) ) 
L I \H H ) ( a 2(e a , £a + 2p+2A)_ 1 ) ) 



1, 



to = 2/, 

a^O, to = 21 + 1, 
a = 0, to = 2/ + 1. 



This completes the calculation of the eigenvalues of an infinite family of Casimir invariants 
of U q [osp(m\n)} when acting on an arbitrary irreducible highest weight module, provided 
to > 2 and n = 2k > 2. This had already been done for U q [osp(2\n)\ using a different 
method in [19]. Moreover, as mentioned earlier, every finite dimensional representation of 
U q [osp{l\n)] is isomorphic to a finite dimensional representation of U- q [so{n + 1)] [50], whose 
central elements are well-understood. Hence the eigenvalues of a family of Casimir invariants 
when acting on an arbitrary irreducible highest weight module have now been calculated for 
all non-exceptional quantum superalgebras. 
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Chapter 7 
Conclusion 



One of the major aims of this thesis was to construct a Lax operator for the B and D 
type super algebras. As this provides a solution to the quantum Yang-Baxter equation in 
an arbitrary representation, this operator is potentially of great use in integrable systems. 
In Chapters H3 and 0] we found formulae for the fundamental values and developed a set of 
inductive and commutative relations that could be used to calculate the remaining matrix 
entries. A specific example was given in Chapter where the i?-matrix for the vector rep- 
resentation was calculated from the Lax operator, using a method that can be extended to 
any other finite-dimensional representation. The only non-exceptional quantum superalge- 
bras for which no Lax operator is known are now the C series, osp(2\2n). Although they 
have a different root system, and thus the solution in this thesis may not be valid for them, 
it should not be difficult to adjust the method developed here to cover that case. 

Another longstanding problem has been to find families of Casimir invariants for quantum 
superalgebras and to calculate their eigenvalues when acting on a highest weight module. 
These will be an important tool in understanding the representation theory associated with 
the integrable models. In Chapter|Hlthe Lax operator developed earlier in the thesis was used 
to do exactly that for all the B and D type quantum superalgebras. As this had already been 
done for the A and C type, the solution is now complete for all non-exceptional quantum 
superalgebras. 
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Appendix A 

Derivation of the relations used to 
find the Lax operator 

Recall equation (|3.6|) . which states: 

q~^ ac ' ac - £a) (a\e c \a')a ba , - (-l)^ + ™q^' £ "\b'\e c \b)ay a 

= q {ac ' eb) b ba e c q^ - (-lf a]+mc k~ {a - £a) e c q^a ba , e b > e a . (A.l) 

By examining this many different relations can be obtained, which were summarised as 
relations (J3.13J) and ()3.14|) . This appendix includes the full list and their derivation. 

A.l Relations for oil = Si — £i+i, I < i < I 

As shown in Section 13.31 in the case = £j — e i+ i equation ()A.1|) implies 

5ai&bi+l - 5aJ+I°bl - Sbi+lVia + ^T+la = Q^''^ Vba&i t+1 ~ (f^^ Vii+xha (A. 2) 

= q-^a—^ha - q^haa—.j. (A.3) 

To absorb all the information these equations hold, each case must be considered separately. 
Throughout recall that &n+i = — %pn = q^eiq^ h \ 1 < i < I. 

Ill 



Case 1: a = i 

As Eb > e a , we know that S^i+i — <^,i = 0- Hence equation ()A.2|) reduces to 

= &bid'ii+l — Q 1 C r ii+lC r bi, £& > 

Case 2: b = i 

Again, the constraint > e a ensures there is only one non-zero term on the left-hand side, 
giving 

Case 3: a — i + 1, b ^ i + 1 

In this case we are unable to simplify the g( Qi ' Efc ) term of equation (|A.3|) . so we have 

°bl = ? (a " £i) ^w^« - <r 1 %n<^i+T, £b > -e i+ x, b^i + 1. 
Case 4: b — i + 1, + 1 

Again, the equation cannot be simplified further than 



a ia = q [ai ' ea) aii + ia i+ i a - q a i+ i a a ii+ i, e a < e i+ i, a ^ % + 1. 
Case 5: a = z + 1, & = z + 1 

This is the only case in which two of the terms on the left-hand side contribute. We obtain 

^+ii + ^w = ^ 1 [^»+i.%iw]- 
Case 6: o^i,i + l and b ^ i + 1, i 
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Here the left-hand side of (jA.2|) vanishes, giving a commutation-style relation. 



q {at ' £b) a ba a ii+1 - q {ai ' £a) a ii+l a ba = 0, e b > e a . 

A. 2 Relations for = + £1-1, where m = 21 

In this case e? = — -. Hence 



(a\ei = <J 8 ,_i(Z| - 5 al (l - 1|, e,|6> = <%|Z - 1) - <J 6]=I |Z). 
Thus equation (|A.lj) becomes 



q (a " £b) a ba eiq 1 i hl - q- (a " £a) e iq ^ h 'a ba , e b > e a . 



Noting that cr^ij = —^ij^i = q^eiq^ hl , this implies 



q^ +iai ' £b) a ba eiq^ hl - q^ {au£a) e^ 1 a ba 
q {aueb) a b a^i-ri ~ q~ (ai,£a) Vi-rAba, e b > e a 



To extract all the information contained in these equations we consider the various cases 
separately, as in the previous section. The relations we obtain and the conditions under 
which they hold are: 
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£& > &u 
£b > £l-i, 
£ a < —Ei-i, 
£ a < —£h 

e b > e a , a 7^ I, I — 1 and b ^ I — 1,1. 

A. 3 Relations for a\ = £/, where m = 2/ + 1 

Here e/ = - Ej +1 , and thus 

(a|e, = 5 al (l + 1| - <W(I|, ej|6> = WIO - 5„|Z + 1). 
Applying these to (|A.1J) gives 



ffl-la = <T (Qi ' ea) <VlI% I - ^^l-lb 
y °ba°l—ll H °l-H°ba — u ; 



Recalling that &u+i = —Q~^^i+ii = ^i<P hl i we find 



= q^+^> E »)a ba eiq^ hl - q^ ai ' E ^ e t q^ hl a ba 

= q^ +{au£b) a ba a ll+1 - q^- {ai ' £a) & ll+1 a ba , e b > e a 

= q- {ai > £a) a l+ll a ba - q iai ' £b) & ba & l+ll , e b > e a 

By examining the various cases we deduce the following relations: 
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e b > 0, 

Sa < 0, 

Eb > e a , a 7^ I, I + 1 and b ^ I + 1, J. 

A. 4 Relations for a^ = 5^ — ^+1, I < fi < k 

In this case e M = + . Therefore 

(a|e M = 5 a/ ,(/x + 1| + <5 a £+r(/l|, e„|&) = 5 bfl+1 \/i) + 5 bJi \n+l}. 
Applying this to ()A.1|) produces 



O'bl+l — frbl&ll+l — q O'll+lO'bl, 

°bi = q {ai ' eb) °bi+ivi + u - & l+1 -^bi+i, 

q {ai ' £b) tbaO U+1 - q- (ai ' £a) cx u+1 a ba = 0, 



- (<W+i^ (fvAl+l) ^a + 5b-pq-^ aM ^ la ) 

= q [w) a ba e^q^ - q- [a ^ ea) e^ h »a ba , e b > e, 

However a^+i = o-r^-a = q~*e IJi q^ h > 1 . Thus this equation reduces to 



^a^b^+l + ^aJ^+l^bJi—^btjL+l^^a ~ ^bJl^]I+Ta 

= q^ {q [w) Vb a e^ h ^ - q~ (afi ' £a) e^ h »& ba ) 

= q iw) & b av^+i - q'^'^a^f.+i&ba, e b > e a 

= q^'^&ba^jt - <T Kl ' £a) ^^a, e b > e a . 

From these we obtain: 
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v < fi < k, 
v < \i < k, 

£b > -<W> 6 ^ fi + 1, 
£j>e a , a^/i,/i+l and b ^ ft + l,~p. 

A. 5 Relations for a s = — £i 

The raising generator corresponding to a s is e s = £f~i + (-1)*^=^. Hence 



{a\e s = 5 apL=k {i = l\ + (-l) k 5 ai=T (fi = k\, 
e s \b) = 8 bi=1 \fi = k) + {-l) k 5 b ^ = - k \i = I). 

Substituting these into equation (|A.1J) produces 



~ (-l) [al (^H=l^ K ' £l) ^= fc a - (-l)%^Eg-* (a " A) ^T.) 

= q^a ba e s q^ - {-l)^%^ a ^e s q^a ba , e b > e, 
Using a^=ki=i = (—l) k qa i= j k = q^e s q^ hs and simplifying, we obtain 



(5 a ^ =k a bi=1 +(-l) k q5 ai=T a bfl=I ) - (-l) w (iii=i^« - (-1) V& M =fc^=Ta) 
= g%^cr 6a e s <Z^ s - (-1)^+ V K ' £a) e s g^a 6a ) 
= g (Qs ' £6) a fca a M=fej=1 - (-l) [a]+[ V K ' £a) ^iH=Aa ^ > e a 

= (-l)W as ' £b) ^=i»=k - (-l) [al+[6] ^ (Qs ' £<l) ^=T,=^a) ; e b > e a . 
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From these equations the following relations can be deduced: 



V < k, 



a 



i=lV ~ <y i=lfj,=k a iJ,=kV Q <y fi=kV <J i=ln=ki 



V < k, 



v b ^=k = g (as,£b) <7&i=T^=l M =fc - (- 1 ) [6] 9" 1 ^=l M =fc 5 '6i=T ) £ b > ~ei,e b ^ ei, 
^^=ki=i ~ {.- l ) k q°i=i-p=k = 9~ 1 [^*<=i» d 't=iJ=T]> 

q^' eb) a ba a^ =kl=1 - (-l) [a] + V K ' £a) ^=fc*=i^a = 0, e b > e a ,e a ^ 5 k , -e x 



and e 6 ^ Ei, -5 k . 



A. 6 Summary of Relations 

The relations arising from ()3.6|) common to the m = 21 and m = 21 + 1 cases are listed in 
Table IX7I1 on the following page. Tables 1X721 and [A. 31 on the page after that, contain the 
extra relations applying only in the cases of even and odd values of m respectively. The 
g-commutation relations (j3.13|) and inductive relations (j3.14j) were deduced from these lists. 
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Table A.l: The relations for the operators a ba common to all values of m 



Relation 


Conditions 


0"6i+l = &bi&ii+l — Q ^&ii+l&bii 


i < I, E b > Si 




% <C I, Ed <C £% 


Oil 1 t — |— J_ i -L t-\- 1 L 1 i 


i < /, Eb > — 




6 ^ i + 1 


bia = q~ {at ' £a) cr ii+1 a i+la - q- 1 a i+la a ii+1 , 


i < I, E a < £j+i, 








i < / 


q (ai ' £b) a ba a ii+1 - q- (ai ' £a) cr ii+1 a ba = 0, 


i < I; E b > E a ; 








and 6 7^ i + 1 , i 


°V/H-1 — < J u[i< J n[i+l ~~ q&nn+l&vni 


z/ < /i < /c 




z/ < /i < 


°bu = q^ a ^' £b ^bii+T^ii+iu - q^ii+iu^bii+ii 


/i < /c, £ b > 






<V = g _(aM ' £a) 0- MAt +lO- M +la - 


fl < k, £ a < 5^+1, 






(T #/+177 — 6". = (/ (J.. ( ._i_i , <3"n u+1 i 


fi < k 


g (a Ml£6 )^ a ^^ +i _ g-( Q M' £ «)^^ +1( j 6a = 0, 


fi < k; E b > E a ; 








and b ^ ji + l,Jl 


CT ti 7 — "| ^~fy / ; — A* ( — 7 — 1 d& I 1 — ]c ? — 1 @ ' u 1 1 — 1c i 

Is h _L IS l_L f\i LI, f\j b J_ J_ LJb f\i b J_ IS LJL M_ 7 


v < k 


&i=Tv = ^i=Tfj,=k^ii=ku ~ q^fj,=kV^i=ltJ,=k^ 


v < k 


bp,=ka = q' {as,Sa) ^^=ki=i^i=ia - {-^q^o^aG^ki^ 


E a < Ei, a ^ i = I 


°b»=k = q {as ' £b) Vbi=i°i=T„=k - (- 1 ) [61 ?~ 1 ^=T At =fe^i=T, 


£6 > — Ei, b ^ i = 1 


Vfc»=T - (-l) fc ^=i P =fc = q~ l [°n=ki=i^i=r i= il 




q^a ba a ll=kl=1 - (-l) [a]+[b] q~ (a - £a) ^=k t =iha = 


E b > E a ] E a 7^ 5 k , —Ei 




and £ b ^ ei, -S k 
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Table A. 2: The relations for the operators <x& ffl that hold only for even m 



Relation 


Conditions 






£b > £j 






£b > 




°la = O-J— a - q^e—a^lT^Ti 


£a < —£l-l 




&l-la = q~ (ai ' £a) Vl-nVla - q'^la^l-lh 


Sa < Si 




q {ai ' £b) cr b aVi-u ~ q-^'^-u&ba = 0, 


e b > e a ; a ^ I, I - ] 


;b^l-l,l 



Table A.3: The relations for the operators aba that hold only for odd m 



Relation 


Conditions 


&bi+i — &bi&ii+i — q 1 &ii+i&bi, 


Sb > Si 


o b i = q {au£b) hi+iGi + u ~ a l+ll a bl+1 , 


E b >0 


Via = q~ {ai,£a) Vll+lCri+la ~ (Tl+la&ll+l, 


e a <0 


Vl+la = °l + lAa ~ <l~ 1& la & l+ll' 


e a < si 


q (au£b) vbavu + i - q- {ai ' £a) au +1 a ba = 0, 


e b > e a ; a ^ 1,1 + 1; 1 + 1,1 
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